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The cover photo depicts a delta-delta transformer bank onboard ex USS Midway (CV-41). Each single-
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120 volts, 60 Hz. ac power.
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1. Introduction

This document analyzes three phase transformer banks that are applicable to shipboard power systems:
delta-wye, delta-delta, wye-wye, wye-delta, and multiphase. Conclusions are made based on the results of
the analysis. The analysis is conducted symbolically using wxMaxima version 22.04.0. then simplified
manually. All equations should be verified before use in the case an inadvertent error was introduced during
simplification.

All equations are preceded with the chapter number and a dash. In each chapter, the system equations are
numbered beginning with 101. Changes in system topology are implemented by changes to the appropriate
numbered system equation and provided with a letter suffix. The system variables (currents, voltages,
magnetomotive force, and magnetic flux) are expressed in terms of parameters and are numbered beginning
with 1. Simplifications and changes in topology are indicated by a letter suffix. Other equations are
numbered beginning with 201.

The information contained herein is provided in the hope that it will be useful, but WITHOUT
ANY WARRANTY; without even the implied warranty of MERCHANTABILITY or FITNESS
FOR A PARTICULAR PURPOSE. Readers should follow all applicable laws, regulations and
class society rules in the design and operation of shipboard power system apparatus.

Please contact the author if you find any errors. Also, feel free to suggest improvements or additions to this
document. Revisions are intended to be produced as needed to correct errors and provide additional
material. For the latest revision check http://doerry.org/papers/papers.htm.
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2. Single-Phase Transformers

Three-phase transformer banks are often created using three single phase transformers. A single-phase
transformer is depicted in Figure 1 where the subscript “x” refers to one of the phases of the three-phase
transformer (a, b, or c).
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Figure 1: Single Phase Transformer

The constitutive equations for a single-phase transformer are given by:

Vo = Vi [2-101]

nly, = —Ig [2-102]
Vipx = Vox + Rplyy [2-103]
Visx = Vsx + Rslsx [2-104]

Through substitution, two variables can be eliminated:

Vipx = N(Vesy + Rsnlpy) + Ryl [2-105]
Restating
Vipx = MVesy + (Rp + Ry n? )Ly [2-106]
Let
Rr =R, + Ry n? [2-107]
Then:
Vipx = MWesy + Rrlpy [2-108]
Ly = = Iy [2-109]

An alternate form based on the secondary variables is given by:
1 1
Visx = ;thx +ﬁRTst [2-110]

Iy = —nly, [2-111]



These equations are used in the subsequent chapters for the various three-phase transformer
variants.

Note that while R,, R, and R, as real numbers represent resistances, if they are complex numbers,
they can represent a generalized impedance. In all equations, one can substitute R,, Ry, and R;
Wlth Zp, Zs, al’ld Zt.



3. Delta-Wye Transformers

Three phase delta-wye transformers are typically used in shipboard power systems where the secondary is
part of a high resistance grounded or solidly grounded distribution system. This document explores the
steady-state performance of three “nearly ideal” transformers (as described in Chapter 2) when connected
into a delta-wye transformer bank. Each transformer is assumed to be an ideal transformer with each
transformer winding having a series resistance. If this resistance is assumed to have a complex value, it
can represent a general impedance. The delta-wye transformer configurations are provided with ideal
voltage sources and with resistive loads. The resistive load value may also be complex. A resistance to
ground from the wye neutral conductor of the secondary is modeled, but its value can be set to zero in cases
where the secondary system is solidly grounded. Cases with unbalanced load resistances and with ground
faults are analyzed.

Figure 2 depicts the schematic for a delta-wye connected transformer as well as the typical schematic
symbol used in many power system drawings. In the schematic symbol, thick parallel lines represent the
primary and secondary windings of an equivalent (or actual) single phase transformer. As described in
Chapter 2, the resistances in the primary (R,) and secondary (R;) can be combined into a total resistance
(Rr) where 7 is the turns ratio of the single-phase transformers.

Rr =R, + Ry n? [2-107]

The turns ratio # is for each of the individual transformers. The relationship of the line-to-line voltages (for
balanced three phase voltages) of the primary (V,;) and secondary (V) circuits is given by:

Vo = Voag = Vong = 1(Vsag = Ving) =7 (%) = (%) Vs [3-201]
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Figure 2: Delta-wye transformer — (a) circuit diagram (b) schematic.

The voltages and currents of the primary and secondary windings are related.

Lyg + Iipe = Iipg = 0 [3-101]
Lpp + Iepa — Iepp = 0 [3-102]
Lye + Iipp — Iipe = 0 [3-103]
g + lsq = 0 [3-104]
My + Ipsp = 0 [3-105]
Mlpe + Iese = 0 [3-106]
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RTItpa - tha + thS(l =0 [3‘107]

Rrlipy — Vepp + Visp = 0 [3-108]
Rrlipe — Vipe + Ve = 0 [3-109]
Vipa = Voag + Vppg = 0 [3-110]
Vipb — Vobg + Vpeg = 0 [3-111]
Vipe = Vocg + Vpag = 0 [3-112]
lyg = Itsq =0 [3-113]

Igp —Itsp = 0 [3-114]

Is¢ = Itsc =0 [3-115]

Visa = Vsag + Ving = 0 [3-116]
Vish = Vopg + Vong =0 [3-117]
Vise = Vscg + Vong =0 [3-118]

While the equations above describe the relationships among the transformer terminals, the following
equations are included to fully define the circuit shown in Figure 3. This figure includes a three-phase
source with the neutral grounded with a resistor. It also includes a 4-wire load on the secondary system in
addition to a grounding resistor connected to the secondary neutral conductor. Each of the load resistances
may be different.
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Figure 3: Delta-wye transformer with source and load

Assume a three-phase source (V4, V5 and V¢ are assumed to be sinusoidal and of the same frequency, but
the equations and solution below only requires them to be ac)

Vpag - VCMp =V [3-119]



Vpbg = Vemp = Va
Vocg = Vemp = Ve
Assume a grounding resistor at the source
Rgraplpg = Vemp = 0
Ipg + Ipg + Ipp + I =0

Assume a wye connected load where each of the load resistances may be different

V:sag — Vston — IsepaRipa = 0

Vsbg — Vson — IstopRipp = 0

V:scg — Vston = LsepeRipe = 0

— Istpn + Istpa + Iseop + Isepe = 0

Account for the grounding resistor
Ving — Usn + IsLpn) Rgras = 0
A A

Relate the secondary currents

Isq + Ispg = 0

Isp + Isppp =0

Isc + Istpea = 0
Equate the neutral conductor voltages of secondary and load

Vsng — Vsipn =0
Solving this set of equations results in

j_— (=RLpaVc—RLpcVB+(RipctRipa)Va)n?+Rr(=Vc—VEp+2V,4)

a 2
p RypaRLpcn*+(RLpc+Rrpa)RTM?+Ry

_ _ (RupaVc+(=RLpb—RLpa)VB+RLDHV A)N*+RT(Vc—2Vp+V )

L =
pb RppaRLppn*+(RLpp+RLpa)RTN2+R7?
[ = — ((=RLpc=RLpb)Vc+RLpVB+RLDHV A)N*+RT(=2V+VB+Va)
pe RLppRLpcN*+(RLpc+RLpp)RTN2+R1?
I —_Va“Vp
tpa RLDan2+RT
I —_VB—Vc
tpb RLDbn2+RT
I _ Va-Vc
tpc — RLDCTLZ+RT
Voag =Va
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Vpbg = VB
Vocg = Ve
tha =V, —Vp
thb =V -V
thc =Ve—V,
T (Va-Vp)n
sa™ R 24R

LDaN“+RT
[, = — (Vg-Vc)n
sb = " R, ppn2+R
LDbN“+RT
[ = (Va—-Von
sc — 2
Ripcn“+RT
A (Va—Vp)n
tsa RLDan2+RT
Lo = — Vg=Vcin
tsb Rrppn?+Rr
_ Wa-Ve)n
¢ ™ Rypecn2+Rr

_ (RLpaVa—RrpaVB)n

RLDan2+RT
_ (RLppVB—RLDBHV )N
Vsbg - 2
Rpppn“+Rr
_ _ (RupcVa—RLpcVo)n
Vscg - = 2
Ripcn“+Rr
_ (RLpaVa—RrpaVB)n
Vtsa - 2
Ryppan“+RT
_ (RLppVB—RLDBVC)N
VtSb - 2
Rippn“+RT
_ _ (RupcVa—RLpcVo)n
Vtsc - = 2
Ripcn“+RT
VCMP =0
ng =0
Vsng =0

(RLpa(RLpe—Ripp)Vc+(RLpbRLpc—RipaRLD)VE+(RLpaRLDb—RLDBRLD)V A)N®

ISTL

Rr((RLpc—RLpp)Vc+(Ripb—RLpa)VB+(RLpa—RLD)V 4)N°

RLpaRLDbRLDNO+(RLpa(RLpc+RLDb)+RLDERLDC)RTN*+(RLpc+RLpp+RLD)RT* N2 4R

2 3
RrpaRLDbRLDNM®+(RLpa(Rpc+RLDpp)+RLDpRLDC)RTN*+(Rypc+Rrpp+RLpc)RT N2 +RT

I _ (Va-Vp)n
SLD@ ™ R pan?+Rr
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Vg-V
Lypp = (Vp—Ve)n [3-30]

RLDbn2+RT
(Va=Ve)n
Iiipe = = —in- [3-31]
Ispn = —Isn [3-32]
Vsion =0 [3-33]

If we make the assumption that Rr is negligible, then several of the solutions may be simplified:

Lq = (—RLDuVC—R;f;:g:l)(f:f,:+RLDa)VA) [3-1a]
Ipb - _ (RLDaVC"'(_iii))l;;ng);zl)zVB+RLDbVA) [3-2a]
Iye = — ((—RLDc—RLzzl:c;iiiiVB+RLDbVA) [3-3a]

Iipa = ZZ‘D;‘;BZ [3-4a]
lipp = 728 [3-5a]
lipe = — 426 [3-6a]
Isq = —% [3-13a]
Igp = —% [3-14a]
Iye = (Z,%V,f) [3-15a]
lysq = —% [3-16a]
Iesp = —(‘;‘i[);:,f) [3-17a]
Itse = % [3-18a]
Vigg = 48 [3-19a]
Vsbg = (VB,I;VC) [3-20a]
Vyeg = 72 [3-21a]
Visa = @ [3-22a]
Visp = (VB%C) [3-23a]
Visc = (VC;—VA) [3-24a]



_ ((RupaRrpc—RLpaRLDB)V c+(RLDbRLDc=RLDaRLD)VE+(RLDaRLDL—RLDLRLDV 4) [3-28a]

[sn RrpaRLDbRLDCM
Ieipa = a;f;:ﬁ) [3-29a]
Isipp = % [3-30a]
Isipe = % [3-31a]

The average of the transformer primary winding currents is given by:

Itpa'”tpb'”tpc _ l(VA_VB VB_VC VC_VA) [3 202]
3 3\Rypan? = Rpppn? = Rppcn?
Itpatlepp+lepe _ RipcRipb(Va—VB)+RipaRLpc(VB=Vc)+RLpaRLDb (Vc—Va) [3-203]
3 3RipaRLDBRLDM?

Itpatltpp+itpe _ (RLpaRLDb—RLDaRLDAVc+(RLDaRLDc~ RLDcRLDB)VB+(RLDcRLDD—RLDaRLDDIV A [3-204]

3 3RLpaRLDHRLDcN?
Itpa+ltpb+ltpc — _Is_n [3_205]

3 3n

. . 1. . .
Hence the common mode current in the secondary is converted by a factor of 3, into a circulating current

in the primary delta connected windings.

If we further simplify and assume all of the load resistances are equal to R;p and the sources are balanced
such that V4 + Vg + V; = 0 then

_ 3Va

lpa = o [3-1b]
__ 3Vp _
oy = o [3-2b]
__ 3¢ _
lpe = o [3-3b]
Va-=V,
lipa = 222 [3-4b]
V-V,
lipy = 2t [3-5b]
V=V
lipe = 1o [3-6b]
[, = —YaVe) [3-13b]
sa Ripn
__We-V¢) _
Iy = -0 [3-14b]
_ _(VeVa) }
Ise = = [3-15b]
I,,, = —YaVe) [3-16b]
tsa — Ripn -



_ (V-V¢)

Itsb = W [3-17b]
Ve—V

Iy = — 8 RCLDnA) [3-18b]

I;p=0 [3-28b]
Va-V

Isipa = 22 [3-29b]

Iy pp = L2V 3-30b

SLDb — RLpn [ - ]
Ve—V

R [3-31b]

With a balanced load, the CM current in the secondary is 0 as is the circulating current in the primary.

Figure 4 depicts a delta-wye transformer with a balanced load and a ground fault on phase a of the
secondary. The following equations are modified:

Vsag = Vston — IstpaRip = 0 [3-124c]
Vsbg = Vston — Is.ppRip = 0 [3-125c¢]
Vscg = Vsion = IsupcRip = 0 [3-126c]
Isq + Isipa + Ispauie = 0 [3-130c]
Vsag =0 [3-134c]

N Vo

N

sn

L et Lo,
1L,
I,
Rg/zls
Figure 4. Delta-wye transformer with ground fault
I = (—RLDRgrasVc+(~RLDRgras—RLD®)VB+(2RLDRRgras+RLD*)V A)n?+Rr((—Rgras—RLp)V c+(~Rgrdas—RLD)VE+(2Rgras+2RLp)V 4) [3_10]
pa =

RLp*Rgrasn*+Rr(2RLpRgras+RLp*)N2+R7? (Rgrds+RLD)
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L, =— (RLDRgrasVc+(=2RLpRgras—RLp*)VB+(RLDRgrastRLp*)V A)n* +RT(Rgras +RLp)Vc+(=2Rgrds—2RLp)Vp+(Rgrds*+RLD)V 4) [3-2¢]

pb Rip*Rgrasn*+Rr(2RLpRgras+RLp*)n?+R7? (Rgrds+RLD)
— —2Vc+Vpg+Vy i
Tpe = —2eEt [3-3c]
_ (_Rgrds_RLD)VB‘l'(Rgrds+RLD)VA
Itpa B RLDRgrdsn2+RT(Rgrds+RLD) [3_40]
_ _VB=Vc i
Itpp = Ripn?+Ry [3-5¢]
_ _VcVa i
Itpc - RLDTL2+RT [3 6C]
V;)ag =V, [3-7¢]
Vpbg =V [3-8¢]
Voeg = Ve [3-9¢c]
tha - VA - VB [3'10C]
Vepp = Ve — Ve [3-11c]
Vepe = Ve — Vi [3-12¢]

Isa - _ ((_Rgrds_RLD)VB+(Rgrds+RLD)VA)n [3—130]

Rip Rgrdsnz +R7(Rgras+RLD)

Vp—Vein
Iy, = —Us—Von ZC) [3-14c]
Rppn“+Rr
Va=Ve)n
Iy = Saon [3-15¢]
Rppn“+Rt
I _ ((=Rgras—RLp)VB+(Rgrdas+tRLp)V )N [3 160]
tsa RLDRgrdsn2+RT(Rgrds+RLD)
(Vg-V)n
lysy = — ZoYaln [3-17¢]
Ripn“+Rt
Va—Ven
pge = AT [3-18¢]
Rppn“+Rr
Vsag =0 [3-190]
_ (Rup®RgrasVc—2RLp*RgrasVB+RLD*RgrasV A)n®+Rr(RLpRgrds+RLD?)V c+(—2RLDRgrds—RLD?)VB+RLDRgrdsV a)n 3 20
VSbg - 2 4 202 2 [ - C]
RLp“Rgrasn*+Rr(2RLDRgrds+RLD “)N*+Rr°(Rgrds+RLD)
__ (-Rub®RgrdsVc—Rip*RgrasVB+2RLp*RgrasV a)n* +R7 ((=RLDRgrds—RLp*)Vc—RLDRgrdsVB+(2RLDRgras+RLD )V )N 321
Vscg - 2 4 22+ R2 [ - C]
RLD“Rgrasn*+Rr(2RLpRgrds+RLD“)n*+R1°(Rgras+RLD)
(RLDRgrasVa—RLDRgrasVp)n
Visa = T = [3-22¢]
RLpRgrasn*+Rr(Rgrds+RLD)
RipVB—RrpVc)n
Vesp = M [3-23c]
Ripn“+Rt
RipVa—RipVc)n
Viee = _M [3-24c]
Rippn“+Rr
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VCMP =0
Ipg =0

_ (RLpRgrdsVa—RLpRgrasVp)n
Vsng - = 2
RipRgrasn®+Rr(Rgras+RLD)

[ = — (RLp®Va—RLp®Vp)n®
sn RLp*Rgrasn*+Rr(2RLpRgras+RLp*)N?+Rr?*(Rgras+RLD)

(RgrdasVa—RgrdsVBIn
Rip Rgrdsnz +Rr(Rgrdas+RLD)

IsLDa -

I _ Wp—Vein
SLDb RLDnZ +RT

I — _Wa-Veon
sLDc RLDTLZ +RT

RT(RLpVa—RLpVB)n

Isiom = —
LD
ston RLp*Rgrasn*+Rr(2RLpRgras+RLp*)IN?+Rr? (Rgras+RLD)

(RLpRgrdsVa—RLDRgrasVB)n
Rrp Rgrdsn2 +R7(Rgras+RLD)

VsLDn -

(RLpVa—RLpVB)n
RLDRgrdsn2 +Rr(Rgras+RLD)

Isfault =

If we also assume Ry is negligible, then

_— —R1pVB+(3Rgras+tRLpIVa
pa RLDRgrdsn2
L, = (3Rgras+RLp)VE—RLDV A
pb RLDRgrdsn2
3V¢

pc — RLDnZ

_ (Rgrds+RLD)VA_(Rgrds+RLD)VB

I =
tpa RLDRgrdsn2
i —Vs—Vc
tpb RLDnz
L. = Ve—Va
tpc RLDnZ
I = ((Rgrds‘l'RLD)VB_(RgrdS+RLD)VA)
sa RipRgrasn
_ (Vc-VB)
Isb -
RLDTL
I = Va-V¢)
sc — R
Lpn
I _ ((Rgrds"'RLD)VB_(Rgrds+RLD)VA)
tsa —

RipRgrasn
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lisp = 2 [3-17d]
Iese = % [3-18d]
Viag = [3-19d]
Vipg = 2 [3-20d]
Vg = — 22 [3-21d]
Visa = 248 [3-22d]
Vegp = 20 [3-23d]
Vise = L2 [3-24d]
Veup = 0 [3-25d]
Ipg =0 [3-26¢]
Vo = L2 (3-27d]
Isn = (Zj;dvfl) [3-284]
Isipa = 2 [3-29d]
Isipp = 0 [3-30d]
Isipe = T2 [3-31d]
Iszpn =0 [3-32d]
Vison = 224 [3-33d]
Isfaute = g2 [3-34d]

Conclusions from this analysis includes:

(a) Ground fault on the secondary side results in the phase currents on the primary side not being
exactly 120° apart

(b) The load currents are not sensitive to the ground fault.

(c) The average of the currents of the primary windings are

1 _1 (RgrastRLp)Va—(RgrastRLp)VE | Vg=V¢ |, Vc—Va _

3 (Itpa + Itpb + Itpc) ) ( RLDRgTdSnZ Rypn? RLDnZ) [3 201d]
1 _1(Va-Vp\ _ Isfauit
3 (Itpa + Lepp + Iepe) = 3 (Rgmsnz) = == [3-202d]

15



Thus, the fault current on the secondary side is transformed with a factor of % into a circulating current

on the primary delta winding.

If the secondary is solidly grounded, the fault current is limited only by Ry and the impedance of cables
and the hull.

16



4. Delta-Delta Transformers

Three phase delta-delta transformers are typically used in shipboard power systems where the secondary is
part of an ungrounded distribution system. This document explores the steady-state performance of three
“nearly ideal” transformers when connected into a delta-delta transformer bank. Each transformer is
assumed to be an ideal transformer with each transformer winding having a series resistance. If this
resistance is assumed to have a complex value, it can represent a general impedance. The delta-delta
transformer configurations are provided with ideal voltage sources and with resistive loads. The resistive
load value may also be complex. Cases with unbalanced load resistances and with ground faults are
analyzed.

Figure 5 depicts the schematic for a delta-delta connected transformer as well as the typical schematic
symbol used in many power system drawings. In the schematic symbol, thick parallel lines represent the
primary and secondary windings of an equivalent (or actual) single phase transformer. As shown in Chapter
2, the resistances in the primary (R,) and secondary (R;) can be combined into a total resistance (Rr) where
n is the turns ratio of the single phase transformers.

Ry = R, + Ry n? [2-107]

17



NTE ‘ .
! + ® @ R +
P + + 5
pra VP“' Vw V;‘a
- n:1 .

&’ Irpﬁ E It.\'b é
Vons MWW MW F
+ R, ® ® R +
7 % + 5
Vrpb '/';"' I/t\'ﬁ‘ [/rs'b
= wil 5
Lo | Ln 1. | |«
Vi MW MWW V.
+ R, ® ® R ==
2 + + 5
I/qu' V-”" l/u V.«-c
s n:1 N
(a)

L Ve I Ve
—> —>
7 I, I I,
PC ‘71—’ c } < sb
peg Vphg V‘& er‘!g
(b)

Figure 5: Delta-delta transformer — (a) circuit diagram (b) schematic

The voltages and currents of the primary and secondary windings are related.
Ipg + Itpe — ltpa = 0
Lpp + Itpg — Itpp =0
Lpe + Itpp — Itpc = 0
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[4-101]
[4-102]
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Nipg + ltsq = 0 [4-104]

ey + Itsp = 0 [4-105]
Nlipe + Ipse = 0 [4-106]
Rylipg — Vipa + nVisq = 0 [4-107]
Rrlipy — Vepp + nVisp = 0 [4-108]
Rylipe = Vipe + Vs = 0 [4-109]
Vipa = Vpag + Vppg = 0 [4-110]
Vipb — Vobg + Vpeg = 0 [4-111]
Vipe = Vocg + Vpag = 0 [4-112]
Isq + Itsc = Itsa = 0 [4-113]

Isp + Itsq — Iesp = 0 [4-114]

Isc + Itsp = Itsc = 0 [4-115]
Visa = Vsag + Vspg =0 [4-116]
Visb = Vspg + Vg =0 [4-117]
Visc = Vscg + Vsag = 0 [4-118]

While the equations above describe the relationships among the transformer terminals, the following
equations are included to fully define the circuit shown in Figure 6. This figure includes a three-phase
source with the neutral grounded with a resistor. It also includes a 3-wire load on the secondary system in
addition to parasitic line to ground impedances. Each of the load resistances may be different.

-

......

Figure 6: Delta-delta transformer with source and load

Assume a three-phase source (V4, Vs and V¢ are assumed to be sinusoidal and of the same frequency, but
the equations and solution below only requires them to be ac)
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Voag = Vemp = Va [4-119]

Vobg — Vemp = Vi [4-120]
Vocg = Vemp = Ve [4-121]
Assume a grounding resistor at the source
Ryraplpg — Vemp =0 [4-122]
Ipg + Ipg + Ipp + 1 =0 [4-123]

Assume a delta connected load where each of the load resistances may be different

Vsag = Vsbg — Is.papRrpap = 0 [4-124]
Vsbg = Vscg — IsLpbcRippe = 0 [4-125]
Vscg = Vsag = IstpcaRipca = 0 [4-126]

Account for the line to ground parasitic impedance

Vsag = IsgaXgras = 0 [4-127]
Vsbg - Isnggrds =0 [4-128]
Vecg = IsgcXgras = 0 [4-129]
Relate the secondary currents
Isq + Isga + Isppap — Isipea = 0 [4-130]
Lsp + Isgp + Lsippe — Isipap = 0 [4-131]
I + Isgc + Isipea — Isippe = 0 [4-132]

Solving this set of equations results in very complex expressions that are hard to understand. If we make
the assumption that the load resistances are all equal to R;p, then

_ Va(6Xgras+2R1p)—Vc(3Xgras+Rip)—VE(3X gras+RLD)

I 4-1a
pa 3RLpX grasn?+Rr(3X gras+RLp) [4-1a]
[ — ZVc(3%gras+Rup)~Va(3Xgras+Rip)+Ve(6Xgras+2R1p) [4-2a]
pb 3R.pX grasn?+Rr(3X gras+RLp)
I = —Vp(3Xgras+Rip)-V a(3Xgras+R.p)+Vc(6X gras+2RLp) [4-3a]
pe 3RLpX grasn®+Rr(3X gras+RLp)
[ Va(3Xgras+Rip)-Ve(3Xgras+RLp) [4-4a]
tra 3RLp X grasn?+Rr (3Xgras+RLD)

Vp(3Xgras+Rip)-Vc(3Xgras+RLD)
Itpb = 47es 4res [4-5a]

3RLDXgrdsn2 +Rr(3Xgras+RLD)

_ Va (3Xgrds+RLD)_VC(3Xgrds+RLD)
31:\’LDXgrdsn2 +Rr(3Xgrdas+RLD)

lipe = [4-6a]
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Voag =Va

Vobg = Vp

Vocg = Ve
Vipa =Va—Vp
Vipp = Ve — Ve
thc =Ve—V,

_ (-Va(6Xgras+2R.p)+Vc(3Xgras+Rip)+VE(3Xgras+RLp))n

31{’LDXgrdsn2 +Rr(3Xgrdas+RLD)

_ (ve(3Xgras+Rip)+Va(3X gras+Rip)—Ve(6X gras+2RLp))n
3RLDXgrdsn2 +Rr(3Xgras+RLp)

_ (vB(3Xgras+RLp)*+Va(3X gras+RLp)-Vc(6X gras+2RLp))n
3RLDXgrdsn2 +R7(3Xgras+RLD)

(—Va+Vp)(38Xgras+Rrp)n

I =
5@ ™ 3Ry pXgrasn?+Rr(3X gras+RLp)
Lo = (-V+Vc)(3Xgras+Rip)n
b ™ 3R1pX grasn?+Rr(3X gras+Rip)
Io= (Va-Ve)(3Xgras+Rip)n
tsc —

3RLDXgrdsn2 +Rr(3Xgras+RLp)

V. _ (-RLpVcXgras—RLpVBXgras+2RLpV aXgras)n
a9 3RLpXgrasn?+Rr(3X gras+RLp)

V. _ (=RppVcXgras+2RLpVBX grds—RLDVaXgras)n
sbg 3RLpX grasn®+R7(3X gras+RLp)

V. _ (2RLpVcXgras—RLDVBXgras—RLpVaXgras)n
scq 3RLpX grasn?+Rr(3X gras+RLD)

V. _ (BRLpV aXgras—3RLpVBX gras)n
5@ ™ 3R.pX grasn?+Rr(3X gras+RLp)

V. _ (B3RLpVBX gras—3RLpDVcX gras)n
P ™ 3R X grasn?+Rr(3X gras+RLp)

V. _ (=3RLpVaXgrast3RLpVcXgras)n
tS¢ ™ 3RLpXgrasn®+Rr(3Xgras+RLp)

VCMp =0

Ipg =0

(3VaXgras—3VBXgrds)n
3RLDXgrdsn2 +Rr(3XgrdstRLD)

| sLDab

(B3VBXgras—3VcXgras)n
3RLDXgrdsn2 +Rr(3Xgras+RLp)

Lsippe =
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[4-7a]
[4-8a]
[4-9a]
[4-10a]
[4-11a]

[4-12a]

[4-13a]

[4-14a]

[4-15a]

[4-16a]

[4-17a]

[4-18a]

[4-19a]

[4-20a]

[4-21a]

[4-22a]

[4-23a]

[4-24a]

[4-25a]

[4-26a]

[4-27a]

[4-28a]



_ (=3VaXgras+3VcXgras)n
3RLDXgrdsn2 +Rr(3Xgras+RLp)

[4-29a]

IsLDca

lyga = — (RLpVc+RLpVB—2RLpVa)n [4-30a]

3RLDXgrdsn2 +R7(3Xgras+RLD)

Igy = — (RLpVc=2R1pVB+RLDVAIT [4-31a]

3RLDXgrdsn2 +Rr(3Xgras+RLD)

Isgc _ (=2RLpVc+RLpVB+RLDV AN [4-32a]

3RLDXgrdsn2 +Rr(3XgrdstRLD)

If we further make the assumption that the sources are balanced and 120° apart, then V, + Vp + V = 0 and
several of the solutions may be simplified:

I = 3Va(3Xgras+RLp) [4-1b]
P& 3R pXgrasn?+R7(3X gras+RLD)
[ = 3Vp(3Xgras+RLp) [4-2b]
PP ™ 3R, pX grasn?+Rr(3X gras+RLp)
1 3Vc(3Xgras+Rip) [4-3b]
PC " 3R pXgrasn®+Rr(3Xgras+RLp)
= -3V 4(3Xgras+RLp)n [4-13b]
S@ " 3R pXgrasn®+Rr(3Xgras+RLp)
I = -3Vp(3Xgras+RLp)n [4-14b]
S 3RpX grasn?+Rr(3X gras+RLp)
I = —-3V¢(3Xgras+Rip)n [4-15b]
S€ " 3Ry pXgrasn®+Rr(3Xgras+RLp)
V. _ (BRLDV AX grdas)n [4-19b]
S49 " 3R pXgrasn?+Rr(3Xgras+RLp)
Vv _ (BRLpVBXgras)n [4-20b]
S ™ 3Ry pXgrasn?+Rr(3X gras+RLD)
V. — (BRLpVcXgras)n [4-21b]
$€9 3R pXgrasn®+Rr(3Xgras+RLp)
Isga = GRipValn [4-30b]
599 3R pXgrasn?+Rr(3Xgras+RLp)
Isgp = (RipVp)n [4-31b]
S9b 7 3R1pX grasn?+Rr(3X gras+Rip)
3R pVe)n
Isge = GRipVe) [4-32b]

3RLDXgrdsn2 +RTr(3Xgras+RLp)

With balanced sources and loads, the phase currents are also balanced since each is equally proportional to
their corresponding source voltage.

If we further make the assumptions that Xg. is very large and Ry is very small, then the familiar ideal
transformer relationships are derived:

_3Vg4
P& " Ry pn?

[4-1c]
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_ _3Vs
lob = 2 om2 [4-2c]
3Ve¢
pc — RLDnz [4-3C]
_ ~3Va _
lsa =74 [4-13c]
— 238 -
Ip =7 = [4-14c]
_ —3V¢ _
Ie =7—" [4-15¢]
Va
== 4-19c]
sag n [
4:]
Vipg = -2 [4-20c]
Vieg = =< [4-21c]
Isga =0 [4-30c]
Isgp =0 [4-31c]
Isge =0 [4-32¢]

If we assume the loads are not balanced, but the sources are balanced, X4 is large and Ry is negligible,
then:

I = WaRipap+Ripca)~VBRLDca~VcRLDab) [4-1d]
pa RrpabRLDcaN?
_ (VB(Rrpap+RLDbc)—VaRLDbc—VcRLDab)
Ipb - R R 2 [4-2d]
LDabf"LDbc
I = (Vc(RLppctRLDca)~VBRLDca—V ARLDbC) [4-3d]
pec RyppcRLDca?
_ (=Va(RLpab*RLDca)*VBRLDcat+VcRLDab)
I = = = [4-13d]
LDab®LDcam
_ (=VB(Rrpap*+RLDb)+VaRLDbcHV cRLDab)
I = = = [4-14d]
LDab®LDbc
_ (=Vc(RLpbctRLDca)tVBRLDcatV aRLDDC)
I = PR [4-15d]
LDbcRLDca
_Va
sag =5 [4-19d]
VB
Vsbg = 7 [4—20d]
_ Ve
Vscg = [4-21d]

Unbalanced loads may result in primary and secondary currents that are not 120° apart, but the voltages are
not impacted by the unbalanced loads.
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Figure 2-4 depicts a delta-delta transformer with a balanced load and a ground fault on phase a of the
secondary. The following equations are modified:

Vsag - Vsbg — IstpapRip = 0 [4-124a]
Vsbg - Vscg — IseppeRip =0 [4-125a]
Vscg - Vsag — IsipcaRip =0 [4-126a]
Vsag - Isganrds =0 [4-127a]
h’ ‘_I.\a
VP"?{ V.\'ag I"gli
L’ I/_uL;q Vpba ch I/.\‘.bg —
P
ILII> 4Jn
I‘gi X
1 ‘ grds
V3 X

Figure 7: Delta-delta transformer with source and balanced load with ground fault

If we also assume Ry is negligible, then

_ Va (3Xgrds+3RLD)

L 4-le
pa RLDXgrdsn2 [ ]
—VaRLp+VB(3X gras+RLD)
Ly = grds [4-2¢]
RLDXgrdsn2
—VaRLp+Vc(3X gras+RLD)
Lo = grds [4-3¢]
RLDXgrdsn2
—VA(3X d +3RLD)
I = g [4-13¢]
RipXgrasn
VaRLp—VB(3Xgras+RLp)
I, = 4res [4-14¢]
RipXgrasn
VaRLD=Vc(3Xgras+RLp)
Ie = grds [4-15¢]
RipXgrasn
—Va(3Xgrdast4RLp )+VB(3XgrastRLD
Itsa — ( gras ) ( gras ) [4'166]

3RLp X grasn
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-Vp (3Xgrds+RLD)+VC(3Xgrds+RLD)

Iy = T e [4-17¢]
[, = Va(3%gras+4Rip)-Vc (X grastRip) [4-18¢]
tse = 3RLp X grasn
Vigg =0 [4-19€]
V=V
Vipg = L2V4) = 2) [4-20¢]
Ve-V
Vieg = 77 [4-21¢]
—Vc—-Vp+2V
logq = LT [4-30¢]
(Ve—Va)
Isgp =5 [4-31¢]
V-V
Isgc = (X;rdsfl) [4-32¢]
Va=Vs)
Isipap = 5 —> [4-27¢]
V=V
Isippe = S0 [4-28¢]
(Vc—Va)
Isipca = RfLDnA [4-29¢]

Conclusions from this analysis includes:

(a) Since the model of the delta windings does not include provisions for parasitic capacitances to
ground, the sum of the currents into the primary must sum to zero, and the sum of the currents
out of the secondary must sum to zero.

(b) Unbalanced loads manifest as currents that in general are not equal in magnitude and not 120°
electrical degrees apart.

(c) Ground faults manifest as an unbalanced load with respect to the impedance to ground.

(d) Ground faults do not impact the loads.

If one of the transformers is removed from the circuit as depicted in Figure 8, the configuration is known
as a broken-delta-delta transformer or a V-V transformer. Assuming a balanced load results in the following
modifications to the original equations

lipa =0 [4-107b]
Vsag - Vsbg — IstpapRip = 0 [4-124b]
Vsbg - Vscg — IseppeRip =0 [4-125b]
Vscg - Vsag — IsipcaRip =0 [4-126b]

25



Vifbi:

Figure 8: Delta-delta transformer with source and balanced load with ground fault

Assuming Rr is negligible results in:

Iy = % [4-1f]
Ly = % [4-21]
o = ) [4-31
Itpa =0 [4-4f]

lepp = % [4-5f]
Iipe =~ ar BT [4-6f]
Iyq = —V’*%‘;—ﬁ [4-13f]
Iy = — VB(I?;i(z:{zs;il;D)) [4-14f]
Ioe = —%‘ij” [4-15]
Vigg = -2 [4-191]

Virg = 22 [4-20f]

Vieg = =< [4-211]
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5. Wye-Wye Transformers

Three phase wye-wye transformers are not typically used in shipboard power systems. This document
explores the steady-state performance of three “nearly ideal” transformers when connected into a wye-
wye transformer bank. Each transformer is assumed to be an ideal transformer with each transformer
winding having a series resistance. If this resistance is assumed to have a complex value, it can represent
a general impedance. The wye-wye transformer configurations are provided with ideal voltage sources
and with resistive loads. The resistive load value may also be complex. Various grounding schemes are
also examined. Cases with unbalanced load resistances and with ground faults are analyzed.

Figure 9 depicts the schematic for a wye-wye connected transformer as well as the typical schematic
symbol used in many power system drawings. In the schematic symbol, thick parallel lines represent the
primary and secondary windings of an equivalent (or actual) single phase transformer. For completeness,
Figure 9 depicts a neutral connection, with possible neutral current, on both the primary and secondary
windings. Normally, the neutral connection on the primary winding is left unterminated with the design
intention for the primary winding neutral current to be zero. In reality, there will be a small parasitic
capacitance from the primary windings to ground which may be modelled as a parasitic capacitance from
the neutral connection to ground.

Q) I
Vo =
,7
Vr:w
i» I>
Vs
R :
l/lpb
—I-“"i> I
s
R S
Vlﬂc
L, )
V "

png
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(b)

Figure 9: Wye-wye transformer — (a) circuit diagram (b) schematic
The voltages and currents of the primary and secondary windings are related

Ipa + Lyp + Ipe = Lpn = 0

Mlyq + Isq = 0
nlpb + ISb =0
Nlpe + I =0

Rrlpq = Vipa + MVisq = 0

RrLyp — Vipp + MV = 0

Rrlye = Vipe + nVise = 0
Vipa = Vpag + Vpng =0
Vipb = Vpbg + Vpng =0
Vive = Vpbe + Vpng = 0
Visa = Vsag + Vang =0
Visp = Vspg + Vsng = 0
Visc = Vsbe + Vong =0

lsq + gy +1se — I =0

[5-101]
[5-102]
[5-103]
[5-104]
[5-105]
[5-106]
[5-107]
[5-108]
[5-109]
[5-110]
[5-111]
[5-112]
[5-113]

[5-114]

While the equations above describe the relationships among the transformer terminals, the following
equations are included to fully define the circuit shown in Figure 10. This figure includes a three-phase
source with the neutral grounded with a resistor. It also includes a 4-wire load on the secondary system in
addition to a grounding resistor connected to the secondary winding neutral conductor. Each of the load

resistances may be different.
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Figure 10: Wye-wye transformer with source and load.

Assume a three phase source (V4, Vz and V¢ are assumed to be sinusoidal and of the same frequency, but
the equations and solution below only requires them to be ac)

Vpag - VCMp =V [5-115]
Vpbg - VCMP = VB [5-116]
Vpcg - VCMp =V [5-117]

Assume a grounding resistor at the source and the CM current from the transformer primary returns here
Rgraplpn + Vemp =0 [5-118]

Assume the neutral connection at the transformer primary is unterminated
Iyn =10 [5-119]

Assume a 4 wire system on the secondary with a grounding resistor. /p, is the neutral connection of the
4 wire load back to the neutral connection of the secondary.

Rgrdslsn - Vsng + RgrdsIsLDn =0 [5-120]

Assume a resistive load where each of the phase resistances can be different

1 1

KVsag —Is1pa — EVSLDn =0 [5-121]
;Vsbg — Isipp — LVsLDn =0 [5-122]
RLpp Rrpp

k Vscg — Isype — LVsLDn =0 [5-123]
RLpc RLpc

Match up the load currents to the transformer secondary currents
Isq + Isipa = 0 [5-124]
ISb + ISLDb =0 [5-125]
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Iy + Iipe =0

Isipa + Istop + Isppe — Isppn = 0

[5-126]
[5-127]

Since this is a 4-wire system, connect the voltages of the neutral conductors of the load and secondary

windings
Vsng —Vsion =0
This set of 28 equations can be solved for the following set of 28 variables:

I = (RLpbVc+RLpcVE+(—RLpc—RLpp)VA)N*+RT(Vc+VE—2V4)

pa (RLpa(RLDc+RLpb)+RLDBRLD )N +(2RLpc+2R Db +2RL Do) RT N2 +3RT?

[ = — (RLpaVc+(=RLpc=RLpa)VB+RLDVA)N*+Rr (Ve =2V +V 4)
pb (RLpa(RLDc+RLDB)+RLDBRLDIN* +(2RLpc+2RLpb+2RLpg) RTN? +3RT?

[ = — ((=RLpb=RLpa)Vc+RLpaVB+RLDEVA)N*+RT(=2V+VE+V4)
pe (RLpa(RLpc+RLpb)+RLDBRLD )N+ (2R pc+2RLpp+2R pa) RTN2+3R7?

Ipp =0

(=RipaRipbVc=RipaRipcV5+Ripa(Ripc+Ripp)V )Nt +
(Rupa(RLpc+RLpb)+RLpbRLD)N* +(2RLpc+2RLpp+2RLpa)RTN? +3RT?
Rr((=Rppp=Ripa)Ve+(=Ripe—R1pa)Ve+(Ripc+Ripy+2R1pa)Va)n2+R7%(=V =V +2V )

(RLpa(RLpc+RLpb)+RLDpRLD)N* +(2RLpc+2RLpp+2RLpa) RT1%+3RT?

tha -

_ (RLpaRLDbYc+(=RLpbRLDc=RLDaRLDB)VB+RLDBRLDV AT
(RLpa(RLpc+RLDH)+RLDBRLD)N*+(2RLpc+2RLpp+2RLpa) RTN? +3RT?
Rr((Rpp+RLpa)Ve+(—RLpc—2R1pb—RLpa)Vs+(RLDc+RLDD)V AN +Rr? (Ve—2Vp+V,)
(Rupa(RLpc+RLpb)+RLpbRLD)N* +(2RLpc+2RLpp+2RLpa)RT % +3RT?

thb =

_ ((=RLpbRLDc=RLDaRLD)Vc+RLDaRLDCVB+RLDORLDV )Y .
(Rupa(RLpc+RLpb)+RLpbRLD)N* +(2RLpc+2RLpp+2RLpa)RTN? +3RT?
Rr((=2RLpc=RLpb—RLpa)Vc+(Rpe+Ripa)Ve+(RLpc+RLpp)Va)n? +R? (=2V+Vp+Vy)
(Rupa(RLpc+RLpb)+RLpbRLD)N* +(2RLpc+2RLpp+2RLpa)RT % +3RT?

thc -

Vi = — (RLpaR1ppVc+RipaRipcVB+(=RipaRipc=R1paR1pp)V AN +RT(RipaVc+RipaVB=—2R1peV a)n
tsa — 2
(Ripa(RipetRpp)+RLppRLDIN* +(2R1pc+2R pp+2R1pa)RT? 43R

_ (RupaRippVc+(=RippRipc~RLpaRLDB)VB+RLDLRLDCV A7 +RT(RLppVc—2R 1 ppVB+RLppV.AIT
2
(Ripa(RupetRLpp)+RLppRLDIN +(2R1pe+2R py+ 2R pa)RTn2 +3Ry

Vtsb

Voo = _ ((=RippRipc=R1paRLDAVc+RLDaRLDVB+RLppRLDYV A3 +RT(=2RpcVc+R1pVB+RLDV A)R
tsc

= 2
(Ripa(Rpe+Rypp)+RppRLpIN*+(2R pe+2R  pp+2R  pg)RTn?+3Ry

_ (=RipbVc=RLpcVB+Ripc+RLpp)V AN +R1(=Vc=Vp+2Va)n
2
(Ripa(Ripe+Rypp)+RppRLDIN*+ (2R pe+2R  pp+2R pg) Rn? 43Ry

IS(Z

_ (RLpaVc+(=Ripc—Ripa)VB+RipcVaA)n3+Rr(Ve—2Vp+V )0
= 2
(Rupa(RipetRLpp) R ppRLpIN* (2R pe+2R  py+2R ) RT?+3Ry

Isb

((=Rppp=Ripa)Vc+RipaVB+RppVa)n3+Rr(=2Vc+Vp+Va)n
2
(Rupa(RipetRLpp) R ppRLpIN* +(2R pet+2R py+2R p) Ry +3Ry

lsc =

I, =0

Voag = Va
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[5-1a]

[5-2a]

[5-3a]

[5-4a]

[5-5a]

[5-6a]

[5-7a]

[5-8a]

[5-9a]

[5-10a]

[5-11a]

[5-12a]

[5-13a]

[5-14a]
[5-15a]



Vpbg = VB
Voeg = Ve
v (RLpaRLDBVc+RLDaRLDcVE+RLDLRLDY A)N*

P (Rppa(RLpc+RLpb)+RLDDRLD)N*+(2RLpc+2R Db +2R1pa) RT 1% +3RT?
Rr((RLpb+RLp)Vc+(RLpc+RLDA)VE+(RLDcHRLDLIV AN +RT (Ve +VE+V 4)
(RLpa(RLDc+RLpb)+RLDBRLD )N+ (2R pc+2RLpp+2R pa) RPN +3R7?

__ (RLpaRLpbVc+RLDaRLDCYB+RLDa(~RLDc~RLDH)V A)N* +RT(RLDaV c+RLDaVB—2RLDaV AR
(RLDa(RLDc*+RLDD)+RLDBRLDCIN* +(2RLDc+2RLDb+2RLDa)RTN2+3RT?

_ (RLpaRLpbVc+RLpb(~RLDc~RLDa)VB+RLDbRLDCY A)3+RT(RLpbY c~2RLDHVB+RLDBV AN
2
(Rpa(RLDc+RLDB)+RLDBRLDN*+(2RLDc+2RLDh+2RLDa)RTN?+3RT

Vsbg =

Vo =— (RLpc(—RLpb—RLDa)Vc+RLDaRLDCY B+RLDBRLDV A)n3 +RT(=2R eV c+RLDVB+RLDV AN
scg

(RLpa(RLDc+RLDB)+RLDLRLD )N +(2RLpc+2R Db +2RLDa) RTM2+3RT?
Vsng =0
VCMp =0

(=RippVc—RLpcV B+(Ripc+Rpp)V a)n3+Ry(=V-Vp+2V )n
2
(Rupa(RipetRipp) +RppRLp )N +(2R L pe+2R pp+2R ) RTn?+3Ry

lsLDa -

_ (RipaVc+(=Ripc=Ripa)VB+RLpcV )n* +Rr(V—2Vp+V )0
2
(Ripa(RupetRLpp)+RLppRLDIN +(2R1pe+2R py+ 2R pa)RTn2 +3Ry

ISLDb -

_ ((=Rrpb=Ripa)Vc+RipaVB+RippV A)n3+Rr(=2Vc+Vp+V )n
2
(Ripa(RLpctRpp) +RLppRLDOIN +(2RLpc+2R  pp+2R pa) RT2+3RT

ISLDC
VsLDn =0

lsLDn =0
If the sources are balanced then
VA + VB + VC = O

With this assumption, a number of the equations can be simplified.

o= (RLpbVc+RipcVB+(=Ripc—RLpb)VA)N*+R7(=3V4)
pa (RLpa(RLDc+RLDb)+RLDBRLD )N +(2RLpc+2R Db +2RL Do) RT N2 +3RT?
[ = — (RLpaVc+(~RLpc—RLpa)VB+RLDVA)N* +R(=3VER)
pb (RLpa(RLDc+RLDb)+RLDBRLDIN* +(2RLpc+2RLpb+2RLpg) RTN? +3RT?
[ = ((=RLpb—RLpa)Vc+RLpaVB+RLDHV A)N*+R1(=3V()
pec (RLpa(RLpc+RLpb)+RLDBRLD )N +(2RLpc+2R Db +2R Do) RTN2+3RT?
[o=_ (=R1pbVc=RiLpcVB+(Ripc+RLpp)V AN +R7(3V )1
sa

2
(Ripa(Ripe+Rypp)+RppRLDIN*+ (2R pe+2R  pp+2R pg) Rn? 43Ry

_ (RipaVc+(=Ripc—R1pa)VB+R1pV 4A)n3+Rr(=3Vp)n
= 2
(Ripa(Rpe+Rypp)+RppRLDIN*+(2R pe+2R  pp+2R  pg)Rr1?+3Ry

Isb

_ ((=Rppp—RLpa)Vc+RLpaVB+RLppVa)n3+Rr(=3V)n
= 2
(Rupa(RipetRLpp) R ppRLpINA (2R pet+2R pp+2R pg) Ry +3Ry

ISC
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[5-24a]

[5-25a]

[5-26a]

[5-27a]

[5-28a]

[5-201]

[5-1b]

[5-2b]

[5-3b]

[5-11b]

[5-12b]

[5-13b]



Vo = (RLpaRLDBVc+RLDaRLDcVE+RLDLRLDY A)N*
P (Ripa(RLpc+RLpb)+RLDBRLD)N*+(2RLpc+2RLDb+2R1pa) RT 1% +3RT?
Rr((RLpp+RLpa)Vc+(RLpc+RLpa)VE+(RLpc+RLDD)V 4)N*

5-18b
(RLpa(RLpc+RLpb)+RLDBRLD)N* +(2RLpc+2RLpb+2RL Do) Rr N2 +3RT? [ ]
Vo —_ (RLpaRLDbYc+RLpaRLDVB+RLDa(=RLDc=RLDH)V )3 +RT(=3RLpaV a)N [5-19b]

sag (RLpa(RLpc+RLpb)+RLDBRLD )N +(2RLpc+2R Db +2R Do) RTN2+3RT?
Voo = — (RLpaRLDbVc+R1Db(~RLDc=RLDa)VB+RLDbRLDY ) °+RT(=3R1ppVEIN [5-20b]

sbg (RLpa(RLDc+RLpb)+RLDHRLDIN* + (2R pc+2RLpb+2R pa) Rr2+3R7?
Vo = — (Rupc(=RLpb—RLDa)Vc+RLDaRLDYB+RLDbRLDCV A)N* +RT(=3RLpV )N [5-21b]

sc9 (RLpa(RLDc+RLpb)+RLDHRLD )N+ (2R pc+2R Db +2Rpa) Rr N2 +3R7?
Lipa = (=RippVc=RipcVe+Ripc+Ripp)V )n®+Rr 3V Hn [5-24b]

S a —

2
(Ripa(Rpe+Rypp)+RppRLpIN*+(2R pe+2R pp+2R  pg) Rrn?+3Ry

_ (RrpaVc+(=Ripc—Ripa)V+RLpcV A)n®+Rr(=3Vp)n
ISLDb - = 4 2 2 [5-25b]
(Ripa(RLpctRipp)+RLppRLDIN* +(2ZRLpc+2R pp+2RLpa) R +3Rr

Iype = ((=Rppp=RipaVc+RipaVe+RLpsV )n* +R1(=3V)n [5-26b]

- 2
(Ripa(RipetRLpp)+RLppRLDIN* +(2R1pc+2R pp+2R1pa)RT?+3Ry
Some conclusions from these equations include:

(a) Under normal conditions, no current flows in the neutral of either transformer.

(b) The voltage at the neutral of the secondary with respect to ground is equal to zero, even when the loads are
not balanced.

(c) Anunbalanced load results in the voltage of the neutral of the primary with respect to ground being
something other than zero. If all the load resistors have an equal value, then the voltage of the neutral of
the primary with respect to ground will be zero.

(d) Neither the primary or secondary grounding resistor will have current flowing through them, even with
unbalanced load resistors.

(e) The unbalanced load resistance result in the phase currents in the primary to be out of phase with the
voltage, resulting in a lower than unity power factor. The currents may not be 120° out of phase with each
other.

(f) The secondary voltages are balanced, but phase shifted with respect to the primary voltages.

The equations can be simplified further by assuming ideal transformers, where Ry = 0:

[ (RLpbVc+RLpcVB+(—RLpc—RLDB)VA) [5-1c]
pa (RLpaRLpc*+RLDaRLDL +RLDHRLDC)N?
R Ve+(—R -R Vg+R \%4
Ly = _ (RLpaVc+(=RLpc—RLDa)VB+RLDC Az) [5-2¢]
(RLpaRLDc*+RLDaRLDb+RLDBRLDIN
A ((=RLpb—RLpa)Vc+RLDaVB+RLDbHV 4) [5-3¢]
pec (RLpaRLpc*+RLDaRLDb +RLDBRLDIN?
I = (RippVc+RipcVB+(—Ripc—Ripp)Va) 5.11
Sa ™ (R, paRLpet+RLpaRipy+RipsR [5-11c]
(RLpaRipctRLpaR 1D +RLDHRLDIT
_ (RppaVe+(=Ripc—Ripa)VB+RLDV 4)
L = R, peRipcFRopeRipp+ RipsR [5-12¢]
(RipaRipct+RLpaR LD+ RLDHRLDIT
I = ((=Rppp—RLpa)Vc+RLDaVB+R LDV 4) 5.13
S¢ = "(RipaRLpe+RLpaRLpp+RipsR [5-13c]
(RLpaRipctRipaRLDpTRLDLRLDIT
(R R Vc+R R Vg+R R Va)
Vong = LpaRLDbVc+RLDaRLDVBHRLDbRLDCYV 4 [5-18c]

(RLpaRLDcHRLDaRLDb+RLDDRLDC)

32



_ (RupaRLpbVc+RLpaRLDVB+RLDa(~RLDc—RLDb)V 4)

(RLpaRLDctRLDaRLDb+RLDBRLDAIN

_ _ (RupaRLpbVc+RLpb(—RLpc—RLDa)VB+RLDbRLDCV 4)

(RLpaRLDc+RLDaRLDb*+RLDDRLDAIN

_ _ (Rupc(=Ripp—Ripa)Vc+RipaRipcVB+RLDbRLDV A)

Vsag =

Vsbg -

Vscg
IsLDa -
IsLDb
ISLDC

(RLpaRLDc+RLDaRLDb+RLDBRLDIN

_ (=RuppVc—RipcVB+(RipctRipp)V 4)
(RLpaRipc+RLpaRLDPFRLDHRLDIT

_ (=RipaVc+(Ripc+RLpa)VB—RLpV 2)

" (RipaRipctRipaRipp+RippRLDON

_ ((Rupp+R1pa)Vc=RipaVB=R1psVA)
(RipaRipctRipaRipp+RLDHRLDIN

[5-19¢]

[5-20c]

[5-21c]

[5-24c]

[5-25¢]

[5-26¢]

Figure 11 depicts Figure 10 with a ground fault on Phase A of the secondary and with the simplification of a
balance load resistance. If we also assume the voltage sources are balanced (V, + Vg + V. = 0), then the following

equations are modified:

The following equation is added:

Vocg = Vemp = —Ve — V4 [5-117d]
1 1
avsag — Ispa — EVSLDn =0 [5-121d]
L Vo = Ieipy — —Vieipn = 0 [5-122d]
RLp sbg SLDb RLp sLDn —
L Voo = Ipe ——Vipn =0 [5-123d]
Rp 'S¢g — 'sLDc T pVsLDn =
lsq + Isipa + Isfault =0 [5-124d]
Vegg = 0 [5-129d]
Ipﬂ I/P“" V‘“H <_Isu I sLDa —>
Vore =
Vs
V:‘JM: K g i <1, V"’-i’”
L I Iz*>
<«

%‘ R,w s

Figure 11: Wye-wye transformer with source and load and ground fault of secondary Phase A.
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The resulting modified system of equations can be solved symbolically:

j (BRgrds+3RLDIV A [5 le]
P& " (3RLpRgras+RLD*)N?+RT(3Rgrds+3RLD)
_ ((-3RLDRgras—RLD*)VB+RLp>V A)n?+R7(~3Rgras—3RLD)VE
Ly = [5-2¢]

- 2 3 2 2
(3RLp*Rgrdas+RLp>IN*+RT(6RLDRgrds+4RLD*IN2+R7*(3Rgras+3RLD)

((_3RLDRgrds_RLD2)VC+RLD2VA)nz +R7(-3Rgrds—3RLp)Vc
Lye = — [5-3e]

2 3
(3RLD*Rgras+RLD>)N*+RT(6RLDRgrds+4RLD*IN?+RT? (3Rgras+3RLD)

Ly =0 [5-4e]

_ 3RLDRgrasVan*+Rr(3Rgras*+3RLD)VA
= 2
(3RLpRgrds+RLp*)N?+RT(3Rgrds+3RLD)

[5-5¢]

tha

_ ((-3RLDRgras—RLD®)VB+RLD*V A)n?+RT(~3Rgras—3RLD)VE
thb =— [5-6¢]

(3RLpRgrds*+RLD?)N?+RT (3Rgras+3RLD)

2 2
Voo = ((=3RLDRgras—RLD®)Vc+RLp?V A)n?+RT(=3Rgras—3RLD)VC 5.7
toc — — [ - e]

(3RLDRgrds+RLD?)N?+R7(3Rgras+3RLD)

3RLDRgrdsV an [5-86]

Visa = 2N, 2
(BRLDRgrds+RLD“IN*+RT(3Rgras+3RLD)

2 3 3
((=3RLp*Rgras—RLD>)VB+RLD>V A)n*+RT(=3RLDRgras—3RRLD*)VEn

Viep = — 5-9¢
tsb
s (3RLD*Rgras+Rip*)n*+RT(6RLDRgras+4RLp*IN2+R1* (3Rgrds+3RLD) [5-9¢]
Ve = — ((=3RLD*Rgras—RLD>)Vc+RLp 3V A)n*+RT(=3RLDRgras—3RLD?)Vcn [5-10¢]
s¢ (3RLD*Rgrds*+RLp*)n*+RT(6RLDRgras+4RLp*IN2+R1* (3Rgras+3RLD)
[ = (3Rgrdst3RLD)V AN [5 11e]
sa (3RLDRgras+RLD?)N?+RT(3Rgrds+3RLD)
I= ((-3RLDRgrdas—RLD*)VB+RLp>V A)n+R7(~3Rgrqs—3RLD)VEN [5-12¢]
b (3Rp%RgrastRLp>)N*+RT(6RLDRgras+4RLp%)n?+Rr? (3Rgras+3R1D)
_ ((-3RLpRgrds—RLD®)Vc+RLp*VA)N3+R1(~3Rgras—3RLD)V N [5-13¢]
5¢  (3RLD*Rgras+RLD>)N*+RT(6RLDRgras+4RLD*)N?+R? (3Rgras+3RLD)
I, =0 [5-14e¢]
Voag =Va [5-15¢]
Vobg = Va [5-16¢]
Vocg = Vg —Va=V¢ [5-17¢€]
RLDZVATIZ
Vpng = 2y,2 [5'186]
(BRLDRgrds+tRLD“IN“+RT(3Rgrds+3RLD)
Vsag = 0 [5-19¢]

_ ((-3RLp*Rgras—RLp*)VE+(BRLp*Rgras+RLD>)V AN +R7((—3RLDRgrds—3RLp>)VE+3RLDRgrasV a)n
Vipg = — [5-20¢]

2 3 2 2
(3RLD*Rgrds*+RLp>)n*+RT(6RLDRgrds+4RLD*IN?+RT*(3Rgras+3RLD)

2 3
_ ((-3RLD*Rgras—RLp>)Vc+(BRLp*Rgras+RLp >V N3 +R7((—3RLpRgrds—3RLD*)Vc+3RLDRgrasV a)n
- 2 3
(3RLD*Rgras+RLD>)N*+RT(6RLDRgrds+4RLD*IN?+RT? (3Rgras+3RLD)

[5-21¢]

174 _ 3RLDRgrdsVAn [5 226]
sng (3RLpRgrds+RLD?)N?+RT(3Rgras+3RLD)
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Vemp =0 [5-23¢]

3RgrasVan
_ grdsV A
IsLDa - 2yn2 [5-246]
(3RLDRgras*+RLD“IN*+RT(3Rgrds+3RLD)

((-3RLDRgras—RLD®)VE+RLp>V A)n*+Rr(~3Rgras—3RLD)VEN

I =— [5-25¢]
SLDb (3RLD*Rgras+RLD>)N*+RT(6RLDRgrds+4RLD*IN?+RT? (3Rgras+3RLD)
I ___ ((-=3RipRgras—RLp*)Vc+R1p?Va)n®+Rr(=3Rgras=3RLD)Vcn [5-26¢]
sLDe (3RLD*Rgrds+RLD>)N*+RT(6RLDRgrds+4RLD*IN?+RT? (3Rgras+3RLD)
3RLDRgrdsV an
Vsion = — o [5-27¢]
(BRLDRgrds+tRLD“IN“+RT(3Rgrds+3RLD)
3RpVan
Isipn = — 24,2 [5-286]
(3RLDRgrds*+RLD“IN*+RT(3Rgrds+3RLD)
3RpVan
Isfault = [5'296]

(3RLpRgras+RLD*)N?+RT(3Rgras+3RLD)

For a four-wire system using wye-wye transformers that experiences a ground fault, the following observations can
be made:

(a) Under a ground fault conditions, no current flows in the neutral of either transformer.

(b) The neutral conductor on the secondary will have a voltage proportional to the faulted phase voltage.

(c) The primary and secondary currents for the faulted phase will be in phase with the phase voltage.

(d) The primary and secondary currents for the unfaulted phases will not be in phase with their respective
phase voltages.

(e) The secondary grounding resistor impacts the primary and secondary voltages and currents.

(f) Ifthe load resistance is significantly higher than the grounding resistor resistance (lightly loaded), then the
fault current will be limited by the load resistance

(g) If the load resistance is significantly less than the grounding resistor resistance, then the grounding resistor
will limit the fault current.

If the secondary winding is solidly grounded, then Rg,.qs = 0. if R, > RrThe solutions can be simplified to:

3V4

pa = [5-11]
Iy = G [5-2f]
e = G2 [5-3f]
lio = = [5-11f]
Iy, = W;L;Dvrf’) [5-12f]
I = A0 [5-13f]

Voag =0 [5-191]

Vipg = 224 [5-201]
Voeg = L2 [5-211]
Ving = [5-22f]



Lsipg =0 [5-24f]

Isipp = % [5-251]
Isype = o2 [5-26f]

Vsion = 0 [5-271]
Iion = =7 [5-281]
sfauie = e [5-291]

The fault current is limited to roughly 3 times the unfaulted secondary line current.

On the other hand, if the secondary is ungrounded, then Rg,.qs = % and if R;p > Ry the solutions can be simplified

to:

pa = RL‘;Anz [5-1¢]
o = 7 [5-2¢]
pc = RLl;an [5-3¢]
I =~ [5-11g]
Iy = — 7o [5-12¢]
le =75 [5-13¢]
Viag = [5-19€]
Vipg = 224 [5-20g]
Vieg = @ [5-21g]
Ving = =2 [5-22¢]
Vemp =0 [5-23¢g]
Iipa = 7 o [5-24¢]
oy = o [5-25¢]
lipe = o [5-26¢]
Viron = — -2 [5-27g]
Iypn =0 [5-28¢]
Ifaute = 0 [5-29¢]
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As expected, the only indication of a ground fault is that all the line to ground voltages are shifted by the
voltage of the faulted conductor.

Figure 12 depicts a wye-wye transformer connected to a 3-wire delta connected load and a ground fault on phase A.
The neutral conductor of the secondary is grounded through a grounding resistor

7 pa V,W

Figure 12: Wye-wye transformer with 3 wire delta connected load
The following equations are modified:
Assume a 3 wire system on the secondary with a grounding resistor.
Rgraslsn = Vsng =0 [5-120h]

Assume a delta resistive load where each of the phase resistances is identical

Vsag = Vsbg — Riplsipap = 0 [5-121h]
Vsbg = Vscg — Riplsippe = 0 [5-122h]
Vscg = Vsag — Ruplsipea = 0 [5-123h]

Match up the load currents to the transformer secondary currents. Note that the load currents are different
from the wye-load configurations from before.

Isq + Isypap = Istpea + Ispauie = 0 [5-124h]
Isp + Isippe — Iszpap = 0 [5-125h]
Isc + Isppca — Isippe = 0 [5-126h]

Delete the equations for the neutral current and voltage of the load (equations 27 and 28)
And insert the fault equation ...
Vosag =0 [5-129h]

The system variables are solved:
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3V4

Ipa = RLDTL2+3RT [5-11]
_ 3Vp 95
Ipb - RLDTL2+3RT [5 21]
_ 3Ve Qi
Ipc - RLDTLZ+3RT [5 31]
L,=0 5-41

14
= 3Van 11i
ISCl - RLDTl2+3RT [5 111]
—__ 3" -12i
I, = Ripn?+3Rn [5-121]
_ 3Vcn _ .
I = Ripn?+3Ry [5-131]
— _RwpVan® -
‘/png - RLDTL2+3RT [5-181]
Vsag = 0 [5-191]
__ (RLpVa—RLpVB)n ()
Vsbg = =k pmzvsrr [5-20i]
_ _ (RipVa-RipVein 91
Vocg = = p pnzeany [5-21i]
Ving = 0 [5-22i]
Vemp =0 [5-23i]
(Va=Vp)n .
Isipab = 2~ F3re [5-24i]
_ (Wg=Ve)n .
Isppc = m [5'251]
(Ve=Va)n .
Isipea = RLDCn2+A3RT [5-261]
Isfault =0 [5-291]

For a three wire system using wye-wye transformers that experiences a ground fault, the following
observations can be made:

(a) The grounding resistor on the secondary has no impact on ground fault current.

(b) The system behaves as if the system were ungrounded; The primary line currents, secondary line
currents, and load currents are not impacted by the ground fault.

(c) The voltage of the neutral conductor of the primary is almost equal to the phase A primary
voltage, resulting in very little voltage across the Phase A transformer.

(d) Under a ground fault, the wye-wye transformer essentially behaves as VV (otherwise known as a
broken delta transformer). The unfaulted phase transformers are at risk of being overloaded due
to the faulted phase (in this case Phase A) transformer not contributing any power.
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Figure 13: Wye-wye transformer with 3 wire delta connected load and primary neutral grounded

If we assume the primary neutral conductor is connected to ground via an impedance (which is likely to
be a complex number) X, as depicted in Figure 13, then the previous set of equations is modified:

Xplpn = Vong =0 [5-119]]
X, may be used to represent the winding capacitance to ground.

The solution to this set of equations is given by:

(3Rgras+RLp)Van?+V4(3Xp+3Rgrap)+RrV 4

Ly = [5-1K]
a 2
p RLDRgrdsn4+(RLDXp+RT(3Rgrds+RLD)+RLDRgrdp)n2+RT(3Xp+3Rgrdp)+RT
L = 3RLpRgrasVen*+(VE(3RLDXp+3RLDRgrdp) +RT((9Rgras+3RLD)VE+RLDV A))N%+RTVE(9Xp+9Rgrap)+3RT*VE [5_2k]
Pb T R1p?RgrasnS+(RLp?Xp+RT(6RLDRgrds+RLD?)+RLD?Rgrap)n*+(Rr(6RLD Xp+6RLDRgrap) +Rr%(9Rgrap+4RLD))N2+Rr?(9Xp +9Rgrap)+3RT>
1= 3RLpRgrasVcn*+(Vc(3RLpXp+3RLDRgrap) +RT((9Rgras+3RLD)V c+RLDV A)INZ+RTV c(9Xp+9Rgrap)+3RT?V [5-31(]
PE " RLD®Rgrasn®+(RLp Xp+RT(6RLDRyrds+RLD *)+RLD*Ryrap)n*+(RT (6RLD Xp+6RLDR grap) +Rr? (9Rgrap+4RLD)IN?+R1? (9Xp+9R grap)+3RT>
RLDVATLZ
Ipn = - > 5 [5-4k]
RLpRgrasn*+(RLpXp+RT(3Rgras+RLp)+RLDRgrap)n*+Rr(3Xp+3Rgrap)+Rr

I, = — (3Rgras+Rup)Van®+(Va(3Xp+3Rgras)+RrVa)n [5-11K]

Rrp Rgrdsn4+ (RLpXp+RT(3Rgras*+RLp)+RLD Rgrdp)nz +RT(3Xp +3Rgrdp)+RT2

[, =— 3RLpRgrasVen®+(VE(BRLpXP+3RLDRgrap) +RT((9Rgras+3RLD)VE+RLDV A))N°+(RTVE(9XP+9 grap)+3RT*VE)n [5-121(]
sb RLD*Rgrasn®+(RLp*Xp+RT(6RLDRgras+RLD®)+RLD*Rgrap)n*+(RT(6RLD Xp+6RLDRgrdp)+RT* (9R grap+4RLD)IN?+R1% (9Xp+9Rgrap) +3Rr°
[ =— 3RLpRgrasV cn®+(Vc(3RLDXP+3RLDRgrap)+RT((9Rgras+3RLD)V c+RLDV AN +(RTVC(9XP+9 grap)+3RT2Ve)n [5_l3k]
s¢ RLD*Rgrasn®+(RLp*Xp+Rr(6RLDRgras+RLD?)+RLD*Rgrap)n*+(RT(6RLD Xp+6RLDRgrdp)+RT* (9R grap+4RLD)IN?+R1*(9Xp+9Rgrap) +3Rr°
I RupVan® 5-14k
sn — [ - ]

Rrp Rgrdsn4+(RLDXp +RT(3Rgrds+RLD)+RLDRgrdp)n2 +RT(3Xp+3Rgrdp)+RT2

_ RppRgrasVan*+(RLpVaXp+Rr(3Rgras+RLp)VAIN?+RTV 4(3Xp+3Rgrap)+R7%V 4

ag = d [5-15K]
P9 RipRgrasn*+(RLpXp+Rr(3RgrastRLp)+RipRgrap)n?+Rr(3Xp+3Rgrap)+Rr
v _ RipRgrasVen*+(Ve(RLpXp+RLpRgrap)+Rr(3Rgras+RLp)Ve—RLDRgrapVa)n +RrVs (3Xp+3Rgrap)+Rr* Ve [5_1 6k]
pbg RipRgrasn*+(RLpXp+Rr(3Rgyas+RLp)+RLpRgrap)n?+Rr (3Xp+3Rgrap)+Rr?
T RipRgrasVen*+(Ve(Rup Xp+RLpRgrap)+RT(3Rgras+RLD)Ve—RLpRgrapVa)n® +RrVe(3Xp+3Rgrap) +Rr°Ve [5_1 7k]
pcg RipRgrasn*+(RLpXp+Rr(3Rgras+RLp)+RLpRgrap)n?+Rr(3Xp+3Rgrap) +Rr?

39



V _ RLD VAXpTLZ
P9 R pRgrasn*+(RLpXp+Rr(3Rgras+RLp)+RLpRgrap)n?+Rr (3Xp+3Rgrap)+Rr>

[5-18K]

Vigg =0 [5-19k]

(RLDZRgmsVA—RLDZRgmsVB)ns+(VA(RLDZXp+RLD2Rgmp)+VB(—Rwpr—RLD2Rgmp)+RT((—3RLDRgms—RLDZ)VB+3RLDRgmsVA))n3
RLDzRgrdsnG+(RLDZX]?+RT(6RLDRng5+RLDZ)+RLD2Rgrdp)n4+(RT(6RLDX]7+6RLDRgrdp)+RTZ (9Rgrdp+4RLD))"2 +R7%(9Xp+9Rgrap)+3R7*
(RT(VA(?’RLDXp+3RLDRgrdp)+VB(—3RLDXP—3RLDRgrdp))+RT2(RLDVA—RLDVB)>TL [5 201{]

RLDZRngn6+(RLDZX,,+RT(6RLDRgms+RLDZ)+RLD2Rgmp)n4+(RT(6RLDX,,+6RLDRgm,,)+RTZ(9Rgm,,+4RLD))n2+RT2(9X,,+9Rgmp)+3RT3

Vsbg =

(RLD2RgmsVA—RLDZRgmch)nS+(VA(RLDZXp+RLDZRgmp)wc(—szxp—Rw2Rgmp)+RT((—3RLDRgms—RLDZ)Vc+3RLDRgmsVA))n3
RLDZRgrdSnw(RLDZXp+RT(6RLDRgTdS+RLD2)+RLD2Rgmp)n4+(RT(GRLDX,,+6RLDRW,,)+RT2(9Rgrdp+4RLD))nZ+RTZ (9Xp+9Rgrap)+3Rr>

(RT(VA(3RLDXp+3RLDRgrdp)+Vc(—3RLDXP—3RLDRgrdp))+RT2(RLDVA—RLDVC)>TL

scg —

5-21k
RLDZRngn6+(RLDZX,,+RT(6RLDRgms+RLDZ)+RLD2Rgmp)n4+(RT(6RLDX,,+6RLDRgm,,)+RTZ(9Rgm,,+4RLD))n2+RT2(9X,,+9Rgmp)+3RT3 [ ]
V. _ RLDRgrdsVAn3 [5 221(]
sng — -
g RLDRgrdsn4+(RLDXp +RT(3Rgrds+RLD)+RLDRgrdp)n2 +Rr(3Xp +3Rgrdp)+RT2
Vv _ RLDRgrdeAn2 [5 231(]
tMp RipRgrasn*+(RLpXp+Rr(3Rgras+RLp)+RLpRgrap)n +Rr(3Xp+3R grap)+Rr’

IsLDab =
(RLDRgrdsV a—RLDRgrasVB)n°+(V a(RLpXp+RLDRgrdp)+VE(—RLDXp—RLDRgrap) +RT((~3Rgras—RLD)VE+3RgrasV a))n®+(Rr(V A(3Xp+3Rgrap)+VE(—3Xp—3Rgrap))+RT>(V4—Vp))n
g g
RLp?Rgrasn®+(Rp*Xp+Rr(6RLDRgrds+RLD?)+RLD Rgrap)n*+(RT(6RLD Xp+6RLD Rgrap)+Rr? (9Rgrap+4RLD))IN?+Rr? (9Xp+9Rgrap) +3Rr*

[5-24k]
(Vg=Ve)n
Isibbe = 1 7 1sne [5-25Kk]
IsLDca =

(RLDRgrdsVc=RLDRgrasV a)n®+(Vc(RLDXp+RLDRgrdp)+V a(—RLDXp—RLDRgrap) +RT((3RgrdstRLD)Vc=3RgrasV a))n* +(Rr(Vc(3Xp+3Rgrap)+Va(=3Xp=3Rgrap)) +Rr* (Vc=Va))n
RLD*Rgrasn®+(RLp*Xp+Rr(6RLDRgras+RLD?)+RLD*Rgrap)n*+(RT(6RLD Xp+6RLDRgrdp)+RT*(9R grap+4RLD))N?+R1%(9Xp+9Rgrap) +3Rr°

[5-26K]
RLDVAn3
I = 5-29k
STault ™ 1 pRgrasn®+(RLpXp+RT (3Rgras+RLD)+RLDR grap)n? +RT (3Xp+3Rgrap)+Rr? [ ]
The solution can be simplified by assuming Rr is negligible which results in the following:

(3Rgras+RLD)V an?+V4(3Xp+3R grdp)

Iy = Szt 2ty [5-1m]
RipRgrasn*+(RLpXp+RLpRgrap)n
3RgrasVeN2+VE(3Xp+3R grdp)

Ipp = — L_—_97°p [5-2m]

Rrp Rgrdsn4 +(RLpXp+RLD Rgrdp)nz

3RgrasVcn?+Ve(3Xp+3Rgrap)

I 5-3m
P€ " RipRgrasn*+(RLpXp+RLpRgrap)n? [ :
Va

Io= 5-4m

P Rgrasn?+(Xp+Rgrap) [ :

o= (3Rgras+RLp)Van®+Va(3Xp+3Ryras) [5-11m]
sa RipRgrasn®+(RLpXp+RLpRgrap)n

3RgrasVen2+Vg(BXp+3 grap)
I, = ——Rards grdp [5-12m]

Rip Rgrdsn3 +(RLpXp+RLDRgrap)n
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3RgrasVcn?+Vc(3Xp+3 grap)

I = —
sc RLDRgrdsn3+(RLDXp+RLDRgrdp)n
1 _ VAn
sn Rgrdsn2+(xp+Rgrdp)
Vo= RgrasVan?+VaXy
ag =
pag Rgrasn?+(Xp+Rgrap)
V. _ RgrdsVBnZ+VB(Xp+Rgrdp)_RgrdeA
b
pog Rgrasn?+(Xp+Rgrdp)
v _ RgrdSVan+VC(Xp+Rgrdp)_RgrdeA
pcg Rgrdsn2+(xp+Rgrdp)
v _ VAXp
png Rgrdsn2+(Xp+Rgrdp)
Vsag =0
2
Vo = (RgrasVa—RgrasVp)n +(VA(Xp+Ryrdp)+VB(‘Xp‘Ryrdp))
sbhg — T
g Rgrasn3+(Xp+Rgrap)n
2
v _ (RgrdsVA_RgrdSVC)n +(VA(Xp+Rgrdp)+VC(_Xp_Rgrdp))
scq Rgrasn3+(Xp+Rgrap)n
V. _ RgrasVan
sng —
9 Rgrdsn2+(Xp+Rgrdp)
V — RgrdeA
CMp Rgrdsn2+(Xp+Rgrdp)
I _ (RgrdsVA_RgrdsVB)nZ+VA(Xp+Rgrdp)+VB(_Xp_Rgrdp)
sLDab —
RLDRgrdsn3+(RLDXp+RLDRgrdp)n
I — Vp—Ve)
SLDbc Ripn
I _ (RgrdsVC_RgrdsVA)nz+(VC(Xp+Rgrdp)+VA(_Xp_Rgrdp))
sLDca RLDRgrdsn3+(RLDXp+RLDRgrdp)n
I _ VATL
sfault Rgrdsn2+(Xp+Rgrdp)

[5-13m]

[5-14m]

[5-15m]

[5-16m]

[5-17m]

[5-18m]

[5-19m]

[5-20m]

[5-21m]

[5-22m]

[5-23m)]

[5-24m]

[5-25m]

[5-26m]

[5-29m]

For a three-wire system using wye-wye transformers that experiences a ground fault and the primary
neutral conductor is connected to ground via an impedance, the following observations can be made:

(a) The ground fault current on the secondary depends on all of the grounding resistances and
impedances; the common mode currents on the primary and secondary circuits are linked

(b) A ground fault on the secondary will result in a common mode current on the primary side of the

transformer.
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6. Wye-Delta Transformers

Three phase wye delta transformers are typically not used in shipboard power systems. This document
explores the steady-state performance of three “nearly ideal” transformers when connected into a wye-delta
transformer bank. Each transformer is assumed to be an ideal transformer with each transformer winding
having a series resistance. If this resistance is assumed to have a complex value, it can represent a general
impedance. The wye-delta transformer configurations are provided with ideal voltage sources and with
resistive loads. The resistive load value may also be complex. A resistance to ground from the wye neutral
conductor of the primary is modeled, but its value can be set to a large number in normal operation where
the neutral conductor is not connected to ground. Cases with unbalanced load resistances and with ground
faults are analyzed.

Figure 14 depicts the schematic for a wye-delta connected transformer as well as the typical schematic
symbol used in many power system drawings. In the schematic symbol, thick parallel lines represent the
primary and secondary windings of an equivalent (or actual) single phase transformer. As shown in Chapter
2, the resistances in the primary (R,) and secondary (R;) can be combined into a total resistance (Rr) where
n is the turns ratio of the single-phase transformers.

Rr =R, + Ry n? [2-107]

The turns ratio # is for each of the individual transformers. The relationship of the line-to-line voltages (for
balanced three phase voltages) of the primary (V,;) and secondary (V) circuits is given by:

Vpln = Vpag - Vpng = n(‘/:sag - Vsbg) = nlgy [6-201]

Vou = V3V =nv3Vgy [6-202]
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Figure 14: Wye-delta transformer — (a) circuit diagram (b) schematic.

The voltages and currents of the primary and secondary windings are related.

Ipa = Itpa =0

Ipb - Itpb =0
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Lye = Iipe = 0 [6-103]

Nlepg + Isq =0 [6-104]
Nlepp + Itsp = 0 [6-105]
Npe +Itse =0 [6-106]
Rrlipa = Vipa + nVisqa =0 [6-107]
Rrlipp — Vipp + nVigp =0 [6-108]
Rrlipe = Vipe + MVise =0 [6-109]
Vipa = Voag + Vpng = 0 [6-110]
Vipp = Vpbg + Vpng =0 [6-111]
Vive = Vocg + Vong = 0 [6-112]
Isq = Itsq + Itsc =0 [6-113]

Isp = Itsp + Itsq = 0 [6-114]

Iy = lIyse +tsp = 0 [6-115]
Visa = Vsag + Vspg =0 [6-116]
Visb = Vspg + Vocg = 0 [6-117]
Vise = Vocg + Vsag =0 [6-118]

While the equations above describe the relationships among the transformer terminals, the following
equations are included to fully define the circuit shown in Figure 15. This figure includes a three-phase
source with the neutral grounded with a resistor. It also includes a wye-connected load on the secondary
system in addition to a grounding resistor connected to the load neutral conductor. Each of the load
resistances may be different.

Figure 15: Wye-delta transformer with source and load
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Assume a three-phase source (V4, V3 and V¢ are assumed to be sinusoidal and of the same frequency, but

the equations and solution below only requires them to be ac)
Voag = Vemp = Va
Vpbg = Vemp = Va
Vocg = Vemp = Ve
Assume a grounding resistor at the source
Rgraplpg = Vemp = 0
Ipg + Ipg + Ipp + 1 =0
Ipg + Lyp + L, =0
Assume a wye connected load where each of the load resistances may be different
V:sag — Vston — IstpaRipa = 0
Vsbg — Vson — IstopRipp = 0
V:scg — Vston — LsepeRipe = 0
— Istpn + Istpa + Iseop + Isepe = 0
Account for the grounding resistor
Vston — IsLpnRipn = 0
Relate the secondary currents
Isq + Ispa = 0
Isp + I pp =0
Isc + Istpea = 0

Solving this set of equations results in

_ ((—ZRLDc—ZRLDb+RLDa)Vc+(—ZRLDc+RLDb—2RLDa)VB+(4RLDc+RLDb +RLDa)VA)n2 +Rr(=Vc—Vp+2Va)

I
pa (RLpa(9RLpc+9RLpp)+9RLDb RLpIN*+(6RLpc+6RLpp+6R pa) Ryn?+3Ry?
L, = — ((=RLpc+2R1pb+2RLpa)Vc+(~RLpc~RLpb~4RLDa)VB+(2RLDc—RLDb+2RLDa)V AN +RT(V—2Vp+V 4)
pb (RLpa(9RLDc+9RLDH)+IRLDHRLDINY +(6RLDc+6RLDH+6RLDa)RTTZ +3RT?
L = ((RLpc+4RLDb+RLDa)V c+(RLDc—2RLDb—2RLDa)VB+(=2RLDc=2RLDb+RLDA)V AN +RT 2V e—VB—V 4)
pe (RLpa(9RLDc+9RLDH)+9RLDHRLDIN* +(6RLDc+6RDp+6RLDa)RTN?+3RT?
I _ ((=2RLpc—2RLpb*+RLDa)V c+(~2RLDc+RLDb—2RLDa)VB+(4RLDc+RLDD +RLD)V AN +RT(-V—Vp+2V 4)
tra (RLpa(9RLDc+9RLDB)+IRLDBRLD )N +(6RLDc+6R Db +6RLDa)RTNZ +3RT?
I _ ((—RLDc+2RLpp+2RLDa)V c+(—RLpc—RLpb—4RLDa)V B+(2RLDc—RLDb+2RLD)VA)N* +RT(Vc—2VE+V 4)
tpb (RLpa(9RLDc+9RLDH)+IRLDPRLDIN* +(6RLDc+6RLpp+6RLDa)RTNZ+3RT?
I = ((RLDc+4RLDp+RLD)V c+(RLDc=2RLDb—2RLDa)VB+(~2RLDc=2RLDb +RLD&)V AN +RT(2Vc=VB =V 4)
tpc —
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(RLDa(9RLDc+IRLD)+IRLDHRLDINY +(6RLDc+6RLDH+6RLDa)RTTZ +3RT?

[6-119]
[6-120]
[6-121]

[6-122]
[6-123]

[6-124]

[6-125]
[6-126]
[6-127]

[6-128]

[6-129]

[6-130]

[6-131]
[6-132]



Voag = Va [6-7]

Vpbg =TV [6-8]
V;)cg =V [6-9]
_ —Ve—Vp+2V,y
Vipa = — [6-10]
_ —Vct+2Vp—Vg4
Vipp =——— [6-11]
_ 2V-Vp—Vg4
Vipe =—— — [6-12]
[ o= ((=RLpc=2RLpb)Vc+(Rpb—RLpc)VB+(2RLpc+RLDD)VAIN +RT(Va=V )N [6-13]
sa (RLpa(3RLpc+3RLpb)+3RLpbRLDC)N*+(2RLpc+2R pp+2R D) RTN? +RT?
j_— ((RLpa—RLp)Vc+(—RLpc—=2RLpa)VE+(2RLpc+RLpa)V aA)N3 +Rr (V4—VE)n [6-14]
S0 (Rupa(3RLpc+3RLpb)+3RLDbRLDN* +(2RLpc+2R Db +2RLpg) RPN 2 +Ry?
J—— ((2RLpb+RLpa)Vc+(=RLpb—2RLpa)VB+(RLDa~RLDH)VA)N3+Rr (Vc=VB)n [6-15]
sc (RLpa(3RLpc+3RLpb)+3RLpbRLDC)N*+(2RLpc+2R1pp+2RL D) RTN? +RT?
I = ((2RLp +2R1pp=RLDa)Vc+(2RLDc=RLDb+2RLDa)VB=(4RLDc+RLDb +RLD@)V AN +RT (V+V =2V o)1 [6-16]
tsa (RLDa(9RLDc+9RLDb)+IRLDBRLD )N +(6RLDc+6RLpp+6RLDa)RTNZ +3RT?
Lo = ((-RLDc*+2R1pp+2RLpa)Vc—(RLpc+RLDb+4R1Da)VB+(2RLDc~RiDb+2RLDa)V AP +RT(V—2VE+V )N [6-17]
tsb (RLpa(9RLDc+9RLDB)+IRLDHRLD)N*+(6RLpc+6RLpp+6RLDa)RTNZ+3RT?
I _ (“(RLpc+4R1pb+RLDa)Vc+(~RLDc+2RLDb+2RLDa)VE+(2RLDc+2RLDb ~RLDa)V A)N> +RT(-Vc+VE+V )N [6-18]
tse (RLDa(9RLDc+9RLDB)+IRLDHRLD)N*+(6RLpc+6RLph+6RLDa)RTNZ+3RT?
Vo = Rupa((=RLpc=2RLpp)Ve+(Ripb—RLp)VE+(2RLpc+HRLDDVAINP +RTRLpa (Va—V )N [6-19]
sag — -
9 (RLpa(3RLpc+3RLpp)+3RLDbRLD)N* +(2RLpc+2RLpp+2R L pa) Rr2+RT?
Voo = Rppp(—RLpa+RLp)Ve+(Ripc+2R1pa)Ve+(—2RLpc—RLpa)V aA)N3+RTRLpp (VE—Va)N [6-20]
sbg (RLpa(3RLpc+3RLpb)+3RLpbRLD)N* +(2RLpc+2R pp+2R D) RTN%+RT?
Vo — RLpc((2RLph+RLpa)Vc+(—RLpb—2RLpa)VB+(RLDa—RLDB)V A)N3+RTRLp (Vc—Vp)n [6-21]
sc9 (RLpa(3RLpc+3RLpb)+3RLpbRLDN* +(2RLpc+2R pp+2R D) RT1%+RT?

Vg = ((RLDa(_RLDC_RLDb)_RLDbRLDc)VC+(RLDa(_RLDC_RLDb)_RLDbRLDc)VB+(RLDa(ZRLDC+2RLl§b)+2RLDbRLDc)VA)n3 +
(RLpa(3RLDc+3RLDp)+3RLDHRLDIN* +(2RLDc+2RLDp+2RLDa)RTN2+RT
Rr(=RLpa)Vc—RippVB+(RLDb+RLDa)V AIN [6-22]
(RLpaBRLDc+3RLpp)+3RLDbRLD N +(2RLpc+2RLDp+2RLpa)RT N2 +RT?

Ve = — ((RLpa(RLpc+RLDB)+RLDBRLDE)V ¢+ (RLpa(—2RLDc~2RLDD)~2RLDbRLD)VE+(RLDa(RLDc+RLDD)+RLDBRLD )V 413 _
(RLpa(3RLDc+3RLDb)+3RLDbRLDC)N* +(2RLDc+2RLDh+2RLDa)RT N2 +RT?
RT(RLpcVc+(=Ripc—RLpp)VB+RLDHV AT [6-23]
(RLpa(BRLpc+3RLpp)+3RLppRLDIN* +(2RLpc+2RLpp+2RLpg)RTNZ +RT?

Vio = — (RLDa(=2RLDc=2RLDb)~2RLDbRLDC)V ¢+ (RLDa(RLDc+RLDB)+RLDBRLDC)VB+(RLDa(RLDc+RLDB) +RLDBRLD)V AINS
tse (RLDa(BRLDc+3RLDb)+3RLDBRLDN* +(2RLDc+2RLDp+2RLDa)RTN? +RT?
RT((=RLDc=RLDa)Vc+RLDVB+RLDaV AN [6-24]
(RLpa(3RLDc+3RLDb)+3RLDHRLDC)N* +(2RLpc+2RLDb+2RLDa)RTN?+RT?

Verp = 0 [6-25]

Ipg =0 [6-26]

VctVp+Vy
Vpng = ZEEEA [6-27]
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Vsipn =0 [6-28]

Is;pn =0 [6-29]
I _ ((=Ripc=2R1pp)Vc+(RLpb=Ripc)VB+(2Rpc+Rpp)V )N +RT(Va—V)n [6-30]
SLD@ ™ (R; pa(3RLpc+3R1pb) +3RLpbRLDN* + (2R pc+2R 1, pb+2R D) RTN2+R1?
I _ _ ((RLpa=RLpc)Ve+(=Ripc—2R1pa)VB+(2RLpc+RLpa)Va)n3 +Rr (Va—Vp)n [6-31]
sLDb (RLpa(3RLpc+3RLpb)+3RLpbRLDN*+(2RLpc+2R pp+2R D) RTN%+RT?
_ ((2RLpp*+RLpa)Vc+(—RLpb—2RLpa)VB+(RLpa—RLpp)VA)N3+RT(Vc—VE)n
Isipe = [6-32]

(RLpa(3RLDc+3RLpb)+3RLpbRLDN* +(2RLDc+2RLph+2RLpa) RTIZ+Rr?

As expected, no current flows through the hull and the common mode voltage on the secondary is zero.
The common mode voltage on the primary is equal to the common mode voltage of the sources.

If we make the assumption that Rr is negligible, then several of the solutions may be simplified:

[ = ((=2RLpc—2R1pb*+RLpa)Vc+(—=2RLpc+RLpb—2RLDa)VE+(4RLpc+RLDL+RLDA)V 4) [6-1a]
pa (RLpa(9RLpc+9RLDB)+9RLDHRLDIN?
I, = — (CRpc*2Ripp +2Rpa)Vet (“Ripe—RLDb —4R1Da)VE+(2R1pc—Ripb+2R1Da)V ) [6-2a]
pb (RLpa(9RLpc+9RLDB)+9RLDHRLDIN?
j— ((RLpc+4RLpp+RLDa)Vc+(RLDc=2RLpp—2RLpa)VB+(=2RLpc—2RLpp+RLDA)V 4) [6-3a]
pc (RLpa(9RLpc+9RLpp)+9R1ppRLDIN?
I _ ((=2Rppc=2R1pp+RLpa)Vc+(=2RLpc+RLDb—2R1Da)VB+(4RLDc+RLDb +RLDA)V 4) [6-4a]
tra (RLpa(9RLpc+9RLpp)+9R1ppRLDIN?
I _ ((RLpc=2R1pp=2R1pa)Vc+(RipctRipb+4R1pa)VB+(=2RLDc+RLDD—2R1Da)V A) [6-5a]
tpb (RLpa(9RLpc+9RLpp)+9RLDHRLDIN?
I... = (Ruoct4Ripp+Ripa)Vet(Rupe=2R1pb=2R1pa)VE+(=2Ripc=2RLDb +RLDA)V A) [6-6a]
tpe (RLpa(9RLpc+9RLDB)+9RLDHRLDIN?
[ o= ((=RLpc—2RLpp)Vc+(RLpb—RLD)VB+(2RLDc+RLDB)IV A) [6-13a]
sa (RLpa(3RLp +3Rrpp)+3RLppRLDIN
[ = ((RLpa—RLpc)Vc+(—RLpc—2RLpa)VB+(2RLpc+RLDa)V 4) [6-14a]
s (RLpa(3RLpc+3RLpp)+3RLppRLDIN
[ ((2RLpp+RLDa)Vc+(—RLpb—2RLDa)VB+(RLDa—RLDb)V 4) [6-15a]
sc (RLpa(3RLDc+3RLpp)+3RLppRLDIT
I.. — (@Ripc+2Ripp—Ripa)Vc+(2Ripc=RLDb+2RLDa)VE—(4RLDc*+RLDb +RLDA)V A) [6-16a]
tsa (RLpa(9RLpc+9RLDb)+IRLDHRLD T
A ((=Rppct+2R1pp+2R1pa)Vc—(RipctRLpp4RLDa)VB+(2RLDc—RLDb+2RLDa)V 4) [6-17a]
tsb (RLpa(9RLpc+9RLDB)+9RLDHRLDCIN
I = (=(RLpc+4R1Lpp+RLDpa)Vc+(—RLpc+2RLpp+2RLpa)VB+(2RLDc+2RLDp—RLDa)V 4) [6-18a]
tse (RLpa(9RLDc+9RLDb)+IRLDHRLDOT
V.. — Ripa((=Ripc=2Rupp)Ve+(Rupb—Ripc)VE+(2RLpe+Ripb)V ) [6-19a]
sag (RLpa(3RLDc+3RLpb)+3RLDHRLDIN
Vo = Beob((CRLpa*Ripe)Vet(Ripe+2Ripa)VE+(~2R1pe—Ripa)Va) [6-20a]
sbg (RLpa(3RLpc+3RLpb)+3RLpbRLDIN
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Vo — RLpc((2RLph+RLpa)Vc+(—RLDb—2RLDa)VB+(RLDa—RLDb)V 4)) [6-21a]
scg (RLpa(3RLpc+3RLpb)+3RLDbRLDAIT
Vi = ((Rpa(=Ripc=Ripb)=RippRipe)Ve+(Ripa(=Ripe=Ripb) ~RipbRipc)Ve+(Ripa(2Ripc+2R1pp)+2RLDb RLpcIVa) [6-223]
tsa (RLpa(3RLpc+3RLpb)+3RLppRLDIT
Vier = — ((RLpa(RLpc+RLDb) +RLpbRLD)Ve+(RLpa(—=2R1pe=2R1pb) =2RLpbRLD) Ve +(Ripa (Rupc+RLDb) +RLDb RLD)VaA) [6-233]
tsb (RLpa(3RLpc+3RLpb)+3RLppRLDIT
Vi = — (RLpa(=2R1pc=2R1pb)=2R1ppRLpc)Ve+(Ripa(Ripc+RLpbn) +RipbRLpc)VE+(Ripa (RLpe+RLpbh) +RLpbRLD)VA) [6-24a]
tse (RLpa(3RLpc+3RLpp)+3RLpbRLDIT
I — ((“Ripc—2R1pp)Vc+(RLpp—RLpc)VB+(2RLDc+RLDD)V A) [6-30a]
sLba (RLpa(3RLpc+3RLpp)+3RLppRLDIN
Ioipp = — ((RLpa=Rip)Ve+(=Ripe=2R1pa)VB+(2RLDc+RLDA)V 4) [6-31a]
sLD (RLpa(3RLpc+3RLpp)+3RLppRLDIT
I _ (@RLpp+RLpa)Vc+(=RLpb—2RLDa)VB+(RLDa—RLDH)VA) [6-32a]
SLDc — -

(RLpa(3RLpc*+3RLpp)+3RLpbRLDIN

If the sources are balanced (equal magnitude and phase shifted by 120°) : then V4, +Vz +V, =0

L = ((=2RLpc—2RLpb+RLDa)Vc+(=2RLpc+RLDb—2RLpa)VE+(4RLDc+RLDb+RLDAIV 4) [6-1a]
pa (RLpa(9RLpc+9RLpp)+9RLppRLDIN?
I = ((=2RLpc—2RLpb+RLDa)(—=V4—VE)+(~2Rpc+R1pb—2R1pa)VE+(4RLDc+RLDb+RLDAIV 4) [6-1aa]
pa (RLpa(9RLpc+9RLpp)+9RLpHRLDIN?

Ipa _ ((3RLpb—=3RLDa)VE+(6RLpc+3RLDpIV A) [6-1ab]

(RLpa(9RLpc+9RLpB)+9RLDLRLDIN?

The other phase currents will be shifted as well, based on the differences in the load resistances. This
leads to the conclusions for unbalanced loads:

a) Because the phase current will have a component that is proportional to one of the other
phase voltages, the current will not be in phase with the voltage. This implies a power factor
of less than one.

b) Because the coefficient of the other phase voltage for the phase currents are a function of the
load resistances, the phase currents will not be 120° apart.

If the sources are balanced, then the common mode voltage between the source neutral connection and the
neutral of the three phase voltages is equal to zero. Hence the common mode voltage of the primary
windings is zero.

If we further simplify and assume all of the load resistances are equal to R;p and the sources are balanced
then

Va

Ipa = G [6-1b]
Ly = (:«mjﬁ [6-2b]
Le = B;:ﬁ [6-3b]
lipa = G5 [6-4b]
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lepb = G 5z [6-5b]
lipe = Gr 5 [6-6b]
Vepa = Vi [6-10b]
Vipp = VB [6-11b]
Vepe = Ve [6-12b]
Isq = G2 [6-13b]
IS % [6-14b]
Iye = % [6-15D]
lisa = 30 [6-16b]
lish = 502 [6-17b)]
lise = 55 5 [6-18b]
Viag = 42 [6-19%]
Vipg = LE74) [6-20b]
Vieg =~ [6-21b]
Visa =2 [6-22b]

Vi =22 [6-23b]

Vise = < [6-24b]
Vg = 0 [6-27b]
Isipa = G2 [6-30b]
Isipp = G [6-31b]
Isipe = % [6-32b]

With balanced sources and a balanced load, the phase voltages and currents are in phase and thus the
power factor will be 1.0. As expected, there is no current flowing through the hull, and the common
mode voltages of the primary and secondary are zero.
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Figure 16 depicts a wye-delta transformer with a balanced load and a ground fault on phase a of the

secondary. The following equations are modified:
Vsag — Vsion — LsepaRip = 0
Vsbg — Vsion — LseppRip = 0
Vscg — Vsion — IsepeRip = 0
Lsq + Isppa + Ispauie = 0

Vsag=0

e

<1,

Figure 16: Wye-delta transformer with ground fault
Solving this set of equations results in:

I =((_3RLDRLDn_4'RLD2)VC+(_3RLDRLDn_RLD2)VB+(6RLDRLDn+5RLD2)VA)n2
pa (27 Lp®Ripn+9R.p*)n*+(18 LpRipn+12R1p*)Rr1?+(3RLpn+3RLp)Rr?
Rr((=RLpn—RLp)Vc+(—RLpn—RLD)VB+(2RLDn+2RLD)V A)
(27RLp*RLpn+9R.p*)n*+(18RLpRLpr+12R.p*)RrN2+ (3R pn+3RLp)RT?

Vec—2Vp+Vy4
Ly = —Lc2VptVa
9RLDn2+3RT

L =—

pc (27 LDZRLDTL+9RLD3)n4+(18 LDRLDn+12RLD2)RTn2+(3RLDn+3RLD)RT2
Rr((=2R1pn—2RLp)VC (RLpn+RLp)VE+(RLp +RLp)Va)
27R1p%Ripn+9RLp3)n*+(18RLpRLpn+12R;p?)Rn2+ (3R pn+3RLp)RT?
LD “RLDn LD

Itpa _ ((_3RLD§LDn_4RLD2)3VC+(_3RLDRLDTL_RLDZ)V§+(6RLDRLDn+5RLD2)VA);12
(27 Lp“Rrpn+9RLp°IN*+(18 LpRipn+12R1p“)RrN2+(3RLpn+3RLp)RT
R7((=RLpn—RLD)VC+(—RLpn—RLD)VB+(2RLDn+2RLD)V4)
(27RLp*RLpn+9R.p*)n*+(18RLpRLpr+12RLp*)RrN2+ (3R pn+3RLp)RT?

Vc—2Vp+Vy

Iepp = —
tpb 9R,pn2+3Ry

((_6RLDRLDn_5RLD2)VC+(3RLDRLDTL +Rp%)Vp+(3RLpRLDn +4RLD2)VA)n2

((—GRLDRLDn—5RLD2)Vc+(3RLDRLDn +RLD2)VB+(3RLDRLDn+4’RLD2)VA)n2 _

Lipe = —
tpc (27RLD2RLDn+9RLD3)"'4+(18RLDRLDn+12RLD2)RTnZ+(3RLDn+3RLD)RTz
Rr((=2RLpn=2RLp)VC (RLpn+RLp)VB+(RLpn+RLp)Va)
(27 LDZRLDn+9RLD3)n4+(18RLDRLDn+12RLD2)RTn2+(3RLDn+3RLD)RT2

Voag =Va
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Vpbg = VB

Vocg = Ve
_ —Ve—Vp+2V,y
tha = 3
Vc—2Vp+Vy4

V. =
tpb 3

—2Vc+Vp+Vy

th = 3

[ o= ((=RLpn—RLp)Vc+(RLpn+RLp)V4)T
sa (3RLpRLDn+RLDH)N?+(RLpn+RLD)RT

2 2 2
__ (=RLp*V¢+(=3RLDRLDN—RLD*)VB+(BRLDRLDN+2RLD*)VA)n3+R7((~RLDn—RLD)VE+(RLDR+RLD)V A)N

Isp
$ (9RLD*RLpn+3RLp>)N*+(6RLpRLpn+4RLD*)RTN%+(RLpn+RLD)RT?

— ((=3RLDRLDR—2RLD*)Vc+(BRLDRLDn+RLD VB +RLp*VA)n®+R ((—RLpn—RLD)Vc+(RLDn+RLD)VEIN

ISC 2 3\, 4 2 2 2
(9RLD“RLpn+3RLp"IN*+(6RLDRLDn+4RLD “)RTN*+(RLDN+RLD)RT

. ((_3RLDRLDn_4RLD2)VC+(_3RLDRLDn_RLDZ)VB+(6RLDRLDn+5RLD2)VA)n3
ltsa = = (27 Lp®RLpn+9RLp®)n*+(18RLpRLpn+12RLp*)RrN2+(3RLpn+3RLp)RT?
Rr((=RLpn—RLp)Vc+(=RLpn—RLp)VE+(2RLpn+2R p)V a)n
(27RLp*Rrpn+9RLp>)n*+(18RLpRLpn+12R1p?)Rrn2+(3RLpn+3RLp)RT?

1 _ (VC—ZVB+VA)TL
tsb — 9R 2
DN +3RT
[ = ((—=6RLpRLDn—5RLD*)Vc+(3RLDRLDn+RLD*)VE+(3RLDRLDn +4R D)V A)N®
S ™ (27Ryp?RLpn+9RLp°)n*+(18RLpRypn+12R p?)RTN?+ (3R pp+3R1p)Ry>
Rr((=2Rrpn—2R1p)Vc+(RLpntRLD)VB+(RLDn+RLDIVAIT
(27RLp*RLpn+9R.p*)n*+(18RLpRLpr+12RLp*)RrN2+ (3R pn+3RLp)RT?

Vsag=0

_ ((=3RLp*RLon—RLD*Vc+(=3RLp*RLpn—RLp*)VB+(6RLD*RLpn+2RLp* V)N
(9RLp®Rpn+3RLp®)n*+(6RLpRLDn+4RLp? )R +(RLpn+RLD)RT?
Rr(~RLpRLDnVc+(~RLpRLDn—RLD*)VE+(2RLpRLDn+RLD*)V AN
(9RLp*RLpn+3R.p*)n*+(6RLpRLpn+4RLp?)RTN?+(R Dy +RLp)RT?

Vsbg =

((_6RLD2RLDn_ZRLD3)VC+(3RLD2RLDn +Rp*)Vp+(3RLp*RLpn +RLD3)VA)n3

V. =
sc9 (9RLp*RLpn+3RLp*)n*+(6RLpRLpn+4R p?)R7N2+(RLpn+RLp)RT?

Rr((=2RLpRLpn—RLp*)Vc+(RLpRLpn+RLD*)VE+RLDRLDRV )T
(9RLD*RLpn+3R p>)N*+(6RLpRLpn+4R p*)RTN2+(RLpn+RLp)RT?

((=3RLp*RLpn—RLp*)Vc+(=3RLp*RLon—RLp*)VE+(6RLD*RLpn+2RLp 3V a)n®
(9RLDp*RLpn+3R.p*)N*+(6RLpRLpn+4Rp*)RTN?+(RLpn+RLD)RT?
Rr(=RLpRLpnVc+(~RLpRLon—RLp*)VE+(2RLpRLpn+RLD*)VA)N
(9RLD*RLpn+3R p>)N*+(6RLpRLpn+4R p*)RTN2+(RLpn+RLp)RT?

+

Visa =

__ (RLpV¢—2R1pVp+RipVaIN
3RLD n2 +RT

Vish =

((—6RLD2RLDn—2RLD3)Vc+(3RLD2RLDn +R.p*)Vp+(3RLp*RLDn +RLD3)VA)n3
(9RLp*RLpn+3R.p>)n*+(6RLpRLpn+4RLp?)RT1%+(RLpn+RLp)RT?
RT((_ZRLDRLDTL_RLDZ)VC+(RLDRLDn +R1p*)Vp +RLDRLDnVA)n
(9RLp*RLpn+3R.p>)n*+(6RLpRLpn+4RLp?)RT1%+(RLpn+RLp)RY?

Vise = —
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VCMP =0
Ipg =0

v __VctVp+Vy
png — 3
(RLpRLDnVA—RLDRLDAV )N
(3RLDRLDn+RLp*IN?+(RLpn+RLD)RT

_ (RLpVa—RLpV)n
(3RLpRLDn+RLp*)N?+(RLpn+RLp)RT

VsLDn

lsppn =

(RLpnVa—RLpnVc)n
(3RLpRLDn+RLp*)N?+(RLpn+RLp)RT

ls1pa =

(=RLp*Vc+(=3RLpRLpn—RLD*)VB+(3RLDRLDn +2RLD?)V A)n 3 +RT((~Rpn—RLD)VB+(RLDn+RLDIVAIT

I =
sLDb 2 3 2 2
(9RLD*RLpn+3RLp*)n*+(6RLDRLDNn+4RLD*)RTN?+(RLDn+RLD)RT

2 2 2
((=3RLpRLDR—2RLD*)Vc+(BRLDRLDn+RLD*)VB+RLD >V A)n* +RT((—RLDn—RLD)Vc+(RLDn+RLD)VB)N

Ji =
LD
sLoe (9RLD*RLDn+3RLp>)N*+(6RLpRLDn +4RLD?)RTN?+(RLpn+RLD)RT?

(RLpVa—RrpVe)n
(3RLpRLDn+RLp*)N?+(RLpn+RLp)RT

Isfault =

If we also assume Ry is negligible, then

I = ((=3RLpn—4RLp)Vc+(=3RLpn—RLD)VB+(6RLDn+5RLD)V 4)
pa (27 LpRLpn+9RLpH)N?
i - _ Vec—2Vp+Vy
pb 9RLDTLZ
[ = ((6RLDn+5RLD)Vc+(=3RLpn—RLp)VE+(—3R1pn—4RLD)V )
pc (27 LDRLDn+9RLDZ)n2
I _ ((=3RLpn—4R1p)Vc+(=3RLpn—R1LD)VB+(6RLDn+5RLD)V A)
tra (7R pRLpn+9RLpH)N?
I - _ Vec—2Vp+Vy
tpb 9RLDTLZ

L= ((6RLDn+5RLD2)VC+(_3RLDn —RLD)VB+(—3RLDn—4RLD)VA)
tpc — (27RLDRLDn+9RLD2)n2

_ ((RupntRLp)Vc—(RLpntRLD)V4)

I
sa (3RLpRLDn+RLDIIN

_ (“RupVc+(=3RLpn—RLp)VB+(3RLDn+2RLD)VA)
(9R.pRLpn+3RLpH)N

Isb

[ = ((=3RLpn—2RLp)Vc+(BRLpn+RLD)VB+RLDV 4)

sc (9RLpRLpn+3RLp*)N

[ = _ ((=3RLp —4RLp)Vc+(=3RLpn—RLD)VB+(6RLDn+5RLp)V4)
tsa (27RLDRLDn+9RLD2)n

A (Vc—2Vp+V4a)
tsb — 9R
LpmM
I _ ((=6RLpn—=5R1p)Vc+(3RLpn+RLD)VB+(3RLDn+4RLD)IVA)
tse (27RLpRLpn+9RLp*)N
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Vsag=0

__ ((=3RLpn—=RLD)Vc+(=3RLpn—RLD)VE+(6RLDR+2RLD)V 4)

(9RLpn+3Rrp)n

v _ ((=6RLpn=2RLp)Vc+(3RLpn+RLD)VB+(3RLDn+RLD)IVA)
59 (9RLDn+3RLpIN

Vo — ((=3RLpn—RLD)Vc+(=3RLpn—RLD)VB+(6RLDn+2RLD)V4)
tsa (9RLpn+3Rrp)n

_ (RLpVc—2RLpVB+RLDV4)
3RLDTL

Visp =

((=6RLpn=2Rp)Vc+(3RLpn+RLp)VE+(3RLDn+RLD)IV A)
(9RLpn+3Rrp)n

VtSC -

% _ _ (RupnVa—RipnVc)
sLbn (3RLpn+RLp)N

_ Va-vo)
(3RLpn+RLp)N

ISLDTL -

I _ (RipnVa—RipnVc)
SLD@ ™ (3R, pRipn+RLp%N

_ (=RppVc+(=3RLpn—RLp)VB+(3RLDn*+2RLD)V4)
(9RLDRLDn+3RLp*)N

Lsipp =

I — _ ((=3R1pn—2R1p)Vc+(B3RLpn+RLD)VB+RLDV A)
sLbe (9RLDRLDn+3RLp?)n

I —_ Va-Ve)
Sfault ™ (3R, pn+Rpp)N

If the sources are balanced then ...

_ ((“RLp)Vc+(BRLpn+2R1p)VA)

I
pa (9RLpRLpn+3RLp?)N?
I, =—2
pb — 3RLDTLZ
I =((3RLDn+2RLD)Vc+(—RLD)VA)
pc (QRLDRLDTL"'SRLDZ)nZ
L. = ((=RLp)Vc+(3RLpn+2RLp)V4)
tra (9RLpRLpn+3RLp?)N?
I — Y
tpb 3RLDTl2

_ ((3RLDn +2RLD2)VC+(_RLD)VA)

I =
tpc (9RLDRLDn+3RLD2)nZ
I = ((RupntRLp)Vc—(RLpntRLD)V4)
sa (3RLpRLDn+RLDIIN
[ = ((=RLpn)VB+(RLDn+RLD)V4)
sb (3RLpRLDn+RLDHN

_ ((zRupn—Rip)Vc+(RLpn)VB)

I
sc (3RLpRLDn+RLDIIN
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Wa)
Rrp

+2
+(3RLpn

Wc

D

((-RL

[6-16¢]
-17¢]
[6
8e]
Z)n [6-1
+3R1p
Rrpn
: 9¢]
I - (9 L _VB [6-1
tsa i n
Itsb - 3R1p s [6-206]
2R1p)Vc o=
~ +3R1p
- ((_3I:;gLDRLDn .
ltse = o ]
2e
Vsag . :
=T n
: 23e]
V}b Kg [6
- n -24e]
s ; |
Visa = n :
4:] [6
Vish = n le]
: [6-3
=
Vise v ‘RLDnvzgzl .
DnvV A "
) (EIZLDRLDTL; pntRLD)V 4)
IsLDa " z)n
n)VB TR )
—Rip i
— (( R€3RLDRL[;VC+(R;;)Z)VB [6_1ﬂ
] —RLp -
IsLDb ((_RL;);LDRLDTL-FRL [6-2fJ
O
ISLDC - 3fJ
Va _ [6
n
pa = 52 -4ﬂ
p ’ | [6
en : n
| RLD | Ipb 3RLp [6-5ﬂ
fRLDn VC 2
I L= 3RLpn |
p Va _ [6_
- Ripn
lLipa 3
tp - [6-13f]
= RLDTL
Lipp 3
tp —VC | [6-141]
= 3RLDn
Iipe o g
- (3RLDTL
- Va=VB)
I = (3RLDTL
) (Ve—Vc¢)
T
Ig¢ 3
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Conclusions from this analysis includes:

a)

b)

Va

Iieg, = —
tsa 3R
Igp = ——2
tsb 3RLpn
Ve
Iie, = —
tsc 3R,
I _ Va—Vo)
sLba = T3p
I _ Vg—Va)
SLDb 3RLpn
I _ (Vc-VB)
sLDc = T3p

[6-16f]

[6-171]

[6-18f]

[6-30¢]

[6-31¢]

[6-32¢]

In a ground fault, the secondary grounding resistor results in the primary currents not being

120° apart

If the secondary is not grounded, then the ground fault has no impact on the primary and

secondary currents.
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7. Multi-Phase Transformers

Shipboard three phase transformers are not always constructed in the form of three single phase
transformers. In some cases, all six windings (three primary and three secondary) are on the same core.
The configuration of this core can also vary. Additionally, especially for transformers supplying variable
frequency drives (VFDs), in addition to a delta connected primary, there may be two sets of secondary
windings: one set configured in wye, and the other in delta. This configuration is used as part of a 12-pulse
rectifier designed to keep harmonic currents within specifications.

To analyze these transformers, this chapter will model the magnetic circuit consisting of the core and the
windings. To simplify analysis, the reluctance (R.) of the core will be assumed to be very small and
therefore may be neglected. First, we will analyze a single-phase transformer to demonstrate it yields the
expected relationships.

Figure 17 depicts a single-phase transformer. In the magnetic circuit, F,, and Fi, represent the
magnetomotive force which is analogous to a voltage in an electrical circuit. The magnetic flux is
represented by @, and is analogous to a current in an electrical circuit.

Figure 17: Single Phase Transformer — magnetic circuit

The voltage across each of the coils is related to the flux:

dd,

Voa =1y m [7-201]
dd,

Vsa = 1 dt [7-202]

The current into the coil is related to the magnetomotive force:

Fyq =nplpg [7-203]
Fsq = nglsq [7-204]

The magnetic circuit equation is given by:
Fq + By = nglgqg + 1L, =0 [7-205]

Dividing equation 7-201 by 7-202 results in:
Voa = 2 Voa [7-206]



Equation 7-205

Ly = —Z—:Im [7-207]
Define
_™ ]
n=2 [7-208]

Substitute into equations 7-206 and 7-207 results in the classic ideal transformer equations.

Vpa = nVsq [7-209]
Ipg = — 22 [7-210]

Figure 18 depicts a shell-type three-phase transformer. The two end limbs provide a flux return path for
each of the three center main limbs. Each main limb behaves essentially as an independent single-phase
transformer. All of the equations from chapters 3-6 apply to this type of transformer.

Figure 18: Shell-type three-phase transformer

Figure 19 depicts the more common core-type transformer. The flux return path for each main leg is
through the other main legs. It is not obvious that the three sets of windings are independent of each other.
The magnetomotive force between the top and bottom of a leg is defined as F;. Since we are neglecting the
reluctance of the magnetic circuit, /s the same for each leg. In the shell type transformer and in the single
phase transformer, a flux return path is provided that forces F; to be zero. If F;in the core transformer is
found to be zero, then the magnetic circuit for each leg is equivalent to the shell-type transformer or from
a bank of three single-phase transformers. If F;is not zero, then the magnetic circuits of the three legs are
coupled; they should not be treated as independent transformers.

Figure 19: Core-type three-phase transformer
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Neglecting the magnetic reluctance (R,), the equations for this transformer are given by:

Voo = 1p 2 [7-101]
Vpp = mp 2 [7-102]
Ve =1 =6 [7-103]
Vg =g 2 [7-104]
Vsb = ns% [7-105]
Ve = s Tt [7-106]
Fya = Nplpg [7-107]
Fop =yl [7-108]
Fpe = nplye [7-109]

Fsq = nglsq [7-110]

Fsp = nglsp [7-111]

Fse = nglge [7-112]

Fy = Fpq + Fyq [7-113]
Fy = Fpp + Fyp [7-114]
Fi = By + F [7-115]
by + Dy + D=0 [7-116]

Add series resistances
Voa = Vipa — Rplpa [7-117]
Vob = Vipb — Rplpp [7-118]
Voe = Vipe — Ryl [7-119]
Vsa = Visa — Rslsa [7-120]
Vsp = Visp — Rslgp [7-121]
Vsc = Visc = Rslsc [7-122]
Assume the flux is sinusoidal

L= wfo, [7-211]
b = wjd, [7-212]
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dd,
dt

= wj b,
We can eliminate the derivatives through direct substitution ...
Voa =1y wfd,

Vob

=n, wf @,
Voo = np@f ®
Veq = 5[ @,
Vep = nsf P
Vee = nsw] @,
This system of equations can be solved in terms of the transformer terminal voltages.

— Rp(—Visc—Vish+2Vesa)NpNs+Rs(—Vipc—Vipb +2tha)np2

|74
pa 3RpNs2+3Rsny2
Vo, = — Rp(Vesc=2Vesh+Vesa)NpNstRs(Vepc—2V epp +tha)npz
pb 3RpNs2+3Rgn,2
Vo =— Rp(_ZVtsc‘H/tsb+Vtsa)npns+Rs(_2thC+thb+tha)np2
pc —

3Rpns?+3Rsny?

I 3Rp Vt’pans2 +Rp (Vtsc"'Vtsb_ZVtsa)npns+Rs(thc+thb+tha)np2
pa 3Rp2ng2+3RpRsnyp?

3Rthpbns2 +Rp (Vesc—2Vesh +Vesa)MpNs+Rs(VipctViph +Vepa) Ny z

pb 3Ry N2 +3RyRsMp?
I = 3Rthpcnsz+Rp(_ZVtsc+Vtsb+Vtsa)npns+Rs(thc+thb+tha)np2
pc 3Rp%ns2+3RpRsnp?
Vo = Rp(_Vtsc_Vtsb"'ZVtsa)nsz+Rs(_thc_thb+2tha)npns
sa 3RpNs2+3Rsny?
Vo = — Rp(Vtsc_ZVtsb"'Vtsa)nsz+R5(thc_2thb+tha)npns
sb 3Rpns2+3Rsn;2
Vo = — Rp(—zvtsc+vtsb+vtsa)nsz+Rs(_2thc+thb+tha)npns
sc 3RpNs2+3Rsny2
| = Rp(Vtsc+Vtsb+Vtsa)nsz+R5(thc+thb_Ztha)npns+3Rthsanp2
sa 3RpRsng2+3Rs*ny?
L, = Rp(Vtsc+Vtsb+Vtsa)nsz+R5(thc_2thb+tha)npns+3Rthsbnp2
sb 3RpRsNs2+3Rs%Ny?
| = Rp(Vtsc"'Vtsb+Vtsa)nsz+Rs(_2thc+thb+tha)npns+3Rthscnp2
s¢ 3RpRsns?+3Rs*n?
E = 3Rthpanpnsz+Rp(Vtsc+Vtsb_ZVtsa)npzns+Rs(thc+thb+tha)np3
pa 3Rp%ng?+3RpRsnp?
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_ ?’Rletpbnpns2 +Rp (Vtsc_zvtsb+Vt5a)np2ns+Rs(thc+thb+tha)np3

Fpp

3Rp*ns2+3RpRsnp?
F = 3Rthpcnpnsz+Rp(_ZVtsc"'Vtsb+Vtsa)npzns+Rs(thc+thb+tha)np3
pc 3Rp%ng?+3RpRsnp?
F _Rp(Vtsc"'Vtsb+Vtsa)ns3+R5(thc+thb_Ztha)npnsz+3R5Vtsanpzns
sa 3RpRsng?+3Rs%ny?
F.. = Rp(Vtsc+Vtsb+Vtsa)n53+R5(thc_2thb+tha)npnsz+3R5Vtsbnp2ns
sb — 2
3RpRsng?+3Rs ny?
F _Rp(Vts::"'Vtsb+Vtsa)ns3+Rs(_2thc+thb+tha)npnsz+3R5Vtscnp2ns
s¢ 3RpRsNs2+3Rs*np?
b = Ry (—Vesc—Visp+2Visa)Ns+Rs(=Vipc—Vipb+2Vipa)Np
a (3Rpng?+3Rsnp?)w]
cbb - _ Rp(Vesc=2Viesp+Vesa)Ns+Rs(Vepe—2Viph+Vipa) p
(BRpng2+3Rsnp?)w]
D = Rp(=2Vesc+Vish+Visa)Ns+Rs(=2Vipc+Viph +Vipa) p
c — -
(BRpns2+3Rsnp?)w]
F = Ry (Vesc+Vesh+Vesa)s+HRs(VipctVipp+Vepa)p
L=

3RpRs

If the primary and secondary voltages are balanced, then:

If we also set

Vipa + Vipp + Vipe =0

Visa + Visp + Vise =0

The variable equations can be simplified to:

Rp(Vtsa)n"'Rs(tha)nz
V., =
pa Ry
_ Rp(Vtsb)n‘l'Rs(thb)nz
Vop =
14 RT
_ Rp(Vtsc)n‘l'Rs(thc)nz
V., =
pc RT
I = Vipa—Vtsant
pa — RT
I, = Vipp—Vispn
pb Ry
I = Vipc—Visch
pc — Ry
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[7-14]

[7-15]

[7-16]

[7-17]

[7-18]

[7-19]

[7-20]

[7-21]

[7-22]

[7-211]

[7-212]

[7-213]

[2-107]

[7-1a]

[7-2a]

[7-3a]

[7-4a]

[7-5a]

[7-6a]



Rp (Vesa) +R5(tha)n

v - - [7-7a]
Vsb _ Rp(Vtsb);fs(thb)n [7-83]
W, = R,,(Vtsc);is(vm)n [7-9a]
_ 2

f = Sz’ [7-102]
_ 2

fy = Clamsvear? [7-11a]
_ 2

fo = o tr® [7-12a]

Vipalp+(—Visa)npn

Fpa — tpallp RT t 14 [7'13a]

pr _ thbnp'i';;vtsb)npn [7—143]

ch _ thcnp+R;;—Vtsc)npn [7—153]
R, = (—tha)n::vtsanpn [7-16a]
F,p = (—thb)n::vtsbnpn [7-17a]
F;.C _ (—thc)ng:Vtscnpn [7—183]

o = Rp(Vtsa)niS"'Rs(tha)nlS 7 19

a~— RTwj el
B Rp(Vtsb)niS"'Rs(thb)nlS 7-20
b — RT(A)j [ ) a]
Rp(Vtsc)niS"'Rs(thc)nls
- T [7-21a]
F =0 [7-22a]

Conclusions that can be drawn from this analysis include

a)
b)

c)

If the primary and secondary voltages are balanced, then the three phases are independent of each
other.

If the primary and secondary voltages are not balanced, then the three phase currents and voltages
are inter-related.

With balanced primary and secondary voltages, and if one is only concerned with the voltages
and currents at the transformer terminals, then the primary and secondary winding resistance can
be combined into Ry as was done in the single-phase transformers,
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Figure 20 depicts a three phase transformer with the primary connected in delta and the secondary
connected in wye and connected to a balanced wye load (4-wire) with a grounding resistor and a fault on
phase A.

Figure 20: Three-phase transformer connected delta-wye with ground fault

The system of equations can be extended with the following:

The primary voltages:
tha - VA - VB [7'123]
thb = VB - I/C [7'124]
Vipe = Ve —Va [7-125]
The secondary currents
Vsa
Igq + Rf; + Ispquie = 0 [7-126]
Iy + 22 = 0 [7-127]
Rip
Visc
I + =0 [7-128]
Rip
The grounding resistor
Vsng + Rgrdslsfault =0 [7-129]
Ving + Visa =0 [7-130]

If R, and R, are assumed negligible, the solution to this system of equations is given by:

Voo =Va—Vp [7-1b]
Vb =V = V¢ [7-2b]
V}:c =Ve—Vy [7-3b]
(3R rds"'ZRLD)
Lyg = m (Vy —Vp) [7-4b]
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_ —3RgrasVc+(RLp+3Rgras)VB—RLpV A

L., =
pb 3RLDRgrdsn2

__ 3RgrasVctRLpVB+(—RLp—3Rgrds)Va

I
pc 3RLDRgrdsn2

_Va-Vp

Vo = 2A702

Ve=V¢

Vg =—
sb n

Ve=Va

Vep = —
ScC n

R +R
grdsTALD
AT VB)

I =
sa

RLDRgrds”

Vp=V¢

I, =
sb Ripn

Ve—V4
Ripn

ISC

_ 3Rgrds+2RLD
pa (3RLDRgrds)nz

V4 —'Vb)np

_ (=3RgrasVc+(RLp+3Rgras)VB—RLpV )Ny

F.. =
pb (3RLDRgrds)n2
_ (BRgrasVc+RLpVp+(—RLp—=3Rgras)Valnp
pc (3RLDRgrds)nz
(Rgras+RLp)Ns
Fq=— (Va—Vg)
(RLDRgras)n
_ _ We-vVoins
Fsb ~— T TR
Lpm
__ e=Vang
P.‘SC -~ T T RrRon
Lpn

V4=V
D, = ( A B)
jony,

V-V
@, ( B c)
jony

D, = Vc—Va)

Jony
fi=- ((Zz;vf);l
I/tpa =Vy—Vp
Vipp = Ve — Ve
Vipe = Ve —Va
V2u1==gQ%?QQ

[7-5b]

[7-6b]

[7-7b]

[7-8b]

[7-9b]

[7-10b]

[7-11b]

[7-12b]

[7-13b]

[7-14b]

[7-15b]

[7-16b]

[7-17b]

[7-18b]

[7-19b]

[7-20b]

[7-21b]

[7-22b]

[7-23b]
[7-24b]
[7-25b]

[7-26b]



Ve = L27E) [7-27b]

7

Visc = (VC;—VA) [7-28b]
Ving = =472 [7-290]
Isfautt = (oo [7-306]

Conclusions include:

a) Because F1 is not zero, the three-phase transformer can be expected to have a different ground fault
characteristic than for three single-phase transformers. (The geometry of a single-phase transformer
forces F'i to be identically zero for the three single-phase transformers)

b) The secondary currents are the same as for the case where three single-phase transformers are used.

c) The primary currents are not the same:

Using single-phase transformers, the currents through the primary windings are:

_ (Rgrds+RLD)VA_(Rgrds‘l'RLD)VB

Itpa - RLDRgrdsn2 [3-4d]
V-V

Iopp = 228 35
V=V

lItpe = ﬁ [3-6d]

Using a three-phase transformer, the currents through the primary windings are

(3Rgrds+2RLD)
IL,=—7"—7—"W,—-V 7-4b
pa 3RLDRgrdsn2 ( A B) [ ]
I = —3RgrasVc+(RLp+3Rgras)VB—RLpV A [7-5b]
pb 3RLDRgrdsn2
3RgrdasVc+RLpVB+(—RLp—3Rgras)Va
lpe = =2 e [7-6b]

3RLDRgrdsn2

d) The primary and secondary voltages are the same for three single-phase transformers and a three-
phase transformer.

We now consider a three-phase transformer with two secondary windings. Typically, one of the secondary
windings would be configured in delta, and the other in wye. Each would provide power to a rectifier. The
rectifiers would either be placed in series or in parallel. The objective is to reduce the harmonic currents in
the primary windings.

Figure 21 includes the second set of secondary windings, otherwise known as tertiary windings. If we
assume sinusoidal voltages, the following equations are added / modified:
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Figure 21: Three-phase transformer with two secondary windings

Via = newf®, [7-131]
Vep = nywfd, [7-132]
Vie = newf @, [7-133]
Fiqg = nilyg [7-134]

Fip = nilyy [7-135]

Fie = nelgc [7-136]

Via = Vita — Retlta [7-137]
Vib = Veen — Reelep [7-138]
Vic = Vite = Reelec [7-139]
Fy = Fyq + Fq + Fiy [7-113a]
Ey = Fpp + Fgp + Fp [7-114a]
Fy = Fye + Fse + Fie [7-115a]

Ignoring, for now, equations 7-123 through 7-130, the system variables can be solved with respect to the
terminal voltages:

V. = Np(RpRs(—Vitc—Veeb+2Vera)Ne+Ret Rp(—Vesc—Visp+2Visa)Ns) +RetRs(—Vipc—Vepp +2tha)np2
pa 3RpRsN2+3RpReN g2 +3RgReeNp?

[7-1c]
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Iy (RpRs(Vetc—2Vieep+Veea)Ne+ReeRp (Vesc—2Viesh +Vesa)s) HRet Rs(Vepc—2Vepp +tha)np2
3RpRSTlt2 +3RpRttnSZ +3R5Rttnp2

Vi = [7-2¢]

V.. = — np(RpRs(_ZVttc+Vttb+Vtta)nt+RttRp(_ZVtsc+Vtsb+Vtsa)ns)+RttRs(_Zthc"’thb+tha)np2 [7 30]
pc = -

3RpRSnt2 +3RpRttn52 +3R5Rttnp2

I _ 3RpRthpantz+np(RpRs(Vttc+Vtcb_ZVtta)nt+thRp(Vtsc+Vtsb_ZVtsa)ns)+3RpRttthansz +RttRs(thc+thb+tha)npz [7_40]
pa 3Ry (RpRsN¢?+RpRee s> +RsReep?)
I _ 3RpRthpbntz +ny (RpRs(Vttc_ZVttb+Vtta)nt+RttRp (Vtsc_zvtsb+Vtsa)ns)+3RpRttthbnsz +R¢tRs (thc+thb+tha)npz [7_5C]
pb 3Ry (RpRsM 2+ Ry Ryt Ns? +RsRyeMp?)
J—— 3RpRthpcntz+np(RpRs(_ZVtcc'H/ttb+Vtca)nt+RttRp(_2Vtsc+Vtsb+Vtsa)ns)+3Rpththcnsz+RttRs(thc+thb+tha)np2 [7‘60]
pc 3Ry(RpRsN¢?+RyRetNs? +RsRegNp?)
2
V.. = RpRs(—Vitc—Vieeb+2Veea)NsMe+Ret Rp (—Visc—Vish +2Vesa)Ns“ + Rt Rs(—Vipc—Vipp+2Vepa) pNs [7 7C]
sa 3RpRsNt2+3RpRetNs? +3RsReep?
2
Vo = — RpRs(Vetc—2Viep+Vera) st +Ree Rp (Vesc—2Viisp+Vesa)Ns“ +Ret Rs(Vepc—2V epb+Vepa) NpNis [7 8C]
sb 3RpRsn2+3RpReNs?+3RsRemy2
2
V. = RpRs(=2Viec+Vieth+Veta)NsNe+Ret Rp (= 2Visc+Visp+Visa) s +Ret Rs(—2Vip o+ VVipp+Vipa)Npnis [7 9C]
sc— -
3RpRSnt2+3RpRttn52+3Rthtnp2
I = 3RpRthsant2+RpRs(Vttc+Vttb_ZVtta)nsnt+RttRp (Vesc+Viesh +Vtsa)nsz +RttRs(thc+thb_Ztha)npns+3RttRthsanp2 [7_ 1 OC]
sa 3Rs(RpRsn¢?+RpRets? +RsReNp?)
[, = 3RpRthsbn52 +RpRs(Vetc—2Vep+Vera)NsNe+RetRy (Vtsc+Vtsb+Vtsa)nsz+RttRs(thc_2thb+tha)npns+3RttRthsbnp2 [7_ 1 1 C]
sb 3Rs(RpRsn¢? +RyRytns?+ RsRyeTp?)
I = 3RpRSVtscntz +RpRs(_2Vttc+Vttb+Vtta)nsnt+RttRp (Vtsc+Vtsb+Vtsa)n52+RttRs(_Zthc+thb+tha)npns+3RttRthscnp2 [7_ 1 2C]
s¢ 3Rs(RpRsT%+RpReNs? +RsRyMp?)
Fo= 3Rpnp (RsTt* +Rets*)WVipa+1p? (RpRs Vete+Veeh—2Vera) e+ ReeRp (Vesc+Viesh=2Visa)s) +Ree Rs(VipeHV eph +Vepa) 1p° [7_130]
pa 3Ry (RpRsn¢?+RpRee N> +RsReep?)
o= 3Rpnp (Rs1e > +Rets®)Vipp+1p % (RpRs(Vere=2Veeh +Vera) e+ ReeRp (Vese =2V esb +Visa)s) +Ree Rs (VipeHV epp +Vepa) 1p® [7_140]
pb 3R, (RpRsns2 + Ry Regts?+RsReMp?)
E.. = 3Rpny (RsntZ +Rttnsz)thc+np2(RpRs(_ZVttc+Vttb+Vtta)nt+RttRp(_ZVtsc+Vtsb+Vtsa)ns)+RttRs (thc+thb+tha)np3 [7_1 SC]
pc 3Ry (RpRsN¢?+RpRytMs?+RsRyMp?)
F. = 3RpRthsantz+RpRs(Vttc+Vttb_ZVtca)nsnt+thRp(Vtsc+Vtsb +Vtsa)n52+thRs(thc+thb_2tha)"p"s+3RttRthsanpz n [7_16C]
sa 3Rs(RpRsN¢?+RyReeNs? +RsReeNp?) S

F., = 3R]7R5Vtsbnt2+RpRs(Vttc_2Vttb+Vtta)nsnt+RttRp(Vtsc+Vtsb+Vtsa)n52+RttRs(thc_Zthb+tha)npns+3RttRthsbnpz n [7_17c]
sb 3Rs(RpRs1 2+ Ry Ryt +RsRyeMp?) s

F. = 3RpRthscn52+RpRs(_2Vtcc+Vtcb+Vtta)nsnt+RttRp(Vtsc+Vtsb+Vtsa)nsz+thRs(_Zthc+thb+tha)npns+3RttRthscnpz n [7_18C]
s¢ 3Rs(RpRsM¢?+RpReeNs?+RsReeNp?) S

_ RpRs(=Vieec—Vieb+2Veta)Ne+RpRet (—Visc—Vish +2Visa) s+ RetRs(—Vipc—Viph +2Vipa)np
®, = [7-19¢]

3(RpRSnt2 +RpRttnSZ +R5Rttnp2)wj

_ RpRs(Vetc—2Viep+Veta)Ne+RpRet (Vesc—2Visp+Visa)Ns+Ret Rs Vepe—2V epp+Vipadp
®, = — [7-20¢]

3(RpRSnt2 +RpRttn52 +R5Rttnp2)(1)j

_ RpRs(=2Viec+Vieth+Vera)Ne+RpRet (—2Vesc+Visp+Visa)Ns+Ret Rs(—2Vipc+Viph +Vepa) p
3 (RpRsntZ +RpRttn52 +R5Rttnp2)(uj

P, = [7-21c]

_ RpRs(Vetc+Vieh+Veta)Ne+RpRet (Vesc+Viesh+Vesa) st RetRs Vepc+tVepp+tVipa)p

Fy
3RpRsRyt

[7-22¢]
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_ RpRs(=Vite=Vieth+2Viea)Ne? +ReeRp (—Visc=Vish +2Vesa) s+ ReeRs (—Vipe =V eph +2Vipa) e Np

V. 7-31c
ta 3RpRsM2+3Rp Ry Ns2+3RsRee My [ ]
Ve = — RpRs(Vere—=2V teb+Vera) Mt 2 +RetRp Vese =2V esb +Visa) NiNis+ Rt Rs(Vipe—2V epb +Vipa) e [7-32¢]

tb 3RpRsN2+3RyRens?+3RsRermy2
V. = _RpRs(—ZVttc+Vttb+Vtta)nt2+RttRp(—ZVtsc"'Vtsb+Vtsa)ntns+RttRs(—2thc+thb+tha)ntnp [7-33¢]
tc 3RpRsM%+3RpRens? +3RsReen )y
I = RpRs(Veec+V eeb+Veea) e 2+ Ree Ry (Vesc+Vesh=2Visa) e s+ Rt Rs VetV epb = 2Vipa) Mefp +3Ree (Rp g2 +3Rsnp? Vi [7-34C]
ta 3Ree(RpRsn¢?+RpReeNs? +RsRerMp?)
I, = RpRs(Vttc+Vttb+Vtca)ntz+RttRp(Vtsc_2Vtsb+Vtsa)ntns+thRs(thc_Zthb+tha)ntnp+3Rtt(ansz+3Rsnp2)Vtcb [7_3 5C]
tb 3Ryt (RpRs1i2 +Ry Ryt +RsReep?)
I = RpRs(Vttc+Vttb+Vtta)nt2+RttRp(_ZVtsc+Vtsb+Vtsa)ntns+RttRs(_2thc+thb+tha)ntnp+3Rtt(ansz+3Rsnpz)vttc [7_3 6C]
te 3Ryt (RpRsn¢?+RpReeNs?+RsReep?)
_ RpRs(Vtcc+Vtcb+Vtta)n52+thRp(Vtsc+Vtsb_2Vtsa)ntns+RttRs(thC+thb_Ztha)ntnp+3Rtt(ansz+3Rsnpz)vtta
Fta - 2 2 2 ne [7-37C]
3Ry (RpRs1e?+RyReeNs?+RsReep?)
_ RpRS(Vttc+Vtcb+Vtta)nI:2+RttRp(Vtsc_zvtsb+Vtsa)ntns+RttRs(VI:pc_2VI:pb+VI:pa)ntnp+3th(ansz+3Rsnp2)Vttb
Ftb - 2 2 2 n [7_38C]
3R¢¢(RpRs1%+Ry ReeNs?+RsReenp?)
F.. = RpRs(Vtcc+Vtcb+Vtta)n52+thRp(_ZVtsc+Vtsb+Vtsa)ntns+RttRs(_Zthc'H/tpb+tha)ntnp+3Rtt(ansz+3Rsan)Vtcc n [7‘39C]

te 3Ryt (RpRsne?+RpRees® +RsReep?) t

If the voltages are all balanced, then the expressions above can be simplified.
_ RpRSVtmntnp+RttRthsansnp+RttRthpanp2 [7 ld]
pa RpRsN%+Rp Ry +RsReNp?
RpRSVttbntnp+RttRthSbnsnp+RttRSthbnp2
Vpb = 2 2 2 [7'2d]
RpRSnt +RpRttnS +R5Rttnp
V _ RpRSVttCntnp+RttRpVtSCnSnp+RttRSthCnp2 [7 3d]
pc RpRsn%+RpReNs? +RsReNp?
—RsVetaNeNp—RetVesaNsNp+Vipa(Rees® +Rsne?)
I = sVttatNp —RitVisasNp T Vipal Kets st [74d]
pa RpRsn%+RpReNs?+RsRepp?
L., = —RsViepNeNp—RetVeshNsNp+Viph (Reens? +Rsne?) [7-5d]
pb RpRs12+RpReeNs?+RsRenyp?
—RsVeecNeNp—RetVescNsNp +Vipe(ReeNs? +Rsne?)
I _ sVttc’'t"'p ttVtsc'tsipTVipc\Ntt'ts s'tt [76d]
pc RpRsn%+RpReeNs? +RsRetNp?
V. = RpRsVttansnt"'RttRthsansz+RttRthpanpns [7 7d]
sa RpRsn%+RpReNs? +RsRetp?
Vo = RpRthtbnsnt‘l'RttRthsbnsZ+RttRthpbnpns [7 8d]
sb — -
RpRSntz+RpRttnSZ+RSRttnp2
Vo, = RpRthtcnsnt"'RttRthscnsz+RttRthpcnpns [7 9d]
s¢ RpRsn%+RpReeNs?+RsRemp?
—RpVitaNste—RetVepalpNs+Vesa(Reep 2 +Rpne?)
pVttalsNe—RetVipalpNstVisa| Retp pNt
I, = [7-10d]

RpRsntZ +RpRttn52 +R5Rttnp2
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I, = —RpVetpNsNe—RetVippNpNs+Viesh (ReeNp 2 +Rpne?)
sb RpRsN 2 +RpReNs?+RsReny?

_RpVttcnsnt_Rttthcnpns+Vtsc(Rttnp z +ant2)

RpRsntz +RpRttn52 +R5Rttnp2

_ Ny (Rsntz +Rttnsz)tha_np2 (RsVetane+RetVesans)
RpRSntz +RpRttnSZ +R5Rttnp2

_ p(Reng?+Reens® )V epp—np* (RsV tepNe+ReeV esbMs)
RpRSTltz +RpRttTl52 +R5Rttnp2

_ (Rsntz +Rttnsz)thc_np2 (RsViecni+RetVescns)

pc RpRsn%+RpReNs?+RsRepp?

RpVitanshe—RetVipanpns+Vesa(Reehp® +Rpne?) n
RpRsn¢2+RpRetNs? +RsReeNp? S

RpRsnt +RpRttns +R5Rttnp

—RpVieensne— Rttthcnpns+Vtsc(Rttnp +Rpn¢ ) n
RpRsn¢%+RpReNs? +RsReNp? S

RpRthtant+RpRttVtsans+RttRthpanp

_( RpViepnsng— Rttthbnpns+Vtsb(Rttnp2+antz))n
s
o

a (RpRsn¢2+RpReNs? +RsReeMp2)w ]

RpRsVitpNe+RpReeVispNstReeRsVippp

cDb=

(RpRSntZ +RpRttn52 +R5Rttnp2)(4)j

RpRsVieeNt+Rp Rt ViscNs+ReeRsVipcnp

o, =

(RpRsntz +RpRttn52 +R5Rttnp2)(4)j
Fl =0

2
RpRsVitant” +ReeRpVisaNeNs+ReeRsVepanenyp
RpRSntz +RpRttnSZ +R5Rttnp2

Via =

RpRsVipNe? +RetRpVespeNs+ReeRsV epp ey

Vip =

Rp Rsnt +RpRttnS +R5Rttnp

2
RpRsViecnt“+ R RpVisceNs+ Rt RsVep ey
RpRSntz +RpRttnSZ +R5Rttnp2

Vie =

—RpVisaNeNs—RsVepanenp+(Rpns? +3Rsnp? WVetq
(RpRsN¢2+RpRetNs?+RsRetNp?)

ltq =

—RpVispNeNs—RsV ippnenp+(Rpng? +3Rsnp® )V iep
(RpRsN2+Rp R Ns? +RsRMp?)

Iyp =

—RpVisceNs—RsVipenenp+(Rpns?+3Rsnp® YWeec
(RpRsn¢2+RpRNs% +RsRetNp?)

Ite =

Fig =

(—RthsantnS—RSthantnp+(ansz +3Rsnp2)Vtm> n
(RpRsn2+RpReens? +RsReeMp?) t

Foo= (—RthSbntnS—RSthbntnp+(an52+3Rsnp2)Vttb)n
th = t
(RpRsNn¢2+RpReeNs? +RsReeNp?)
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[7-11d]

[7-12d]

[7-13d]

[7-14d]

[7-15d]

[7-16d]

[7-17d]

[7-18d]

[7-19d]

[7-20d]

[7-21d]

[7-22d]

[7-31d]

[7-32d]

[7-33d]

[7-34d]

[7-35d]

[7-36d]

[7-37d]

[7-38d]



Fo= (—RthSCntnS—RSthcntnp+(an52+3R5np2)Vttc) n
tc = t
¢ (RpRsnt?+RpReeNs2+RsRetp?)

[7-39d]
Figure 22 configures the primary as a delta winding, the secondary winding as a wye winding with a wye
resistive load, and the tertiary winding as a delta winding with a wye resistive load.

Equations 7-123 through 7-130 are added back into the system of equations with the exception that the
following equations are modified:

Liq + wa =0 [7-126¢]
Isfault =0 [7-1306]

The following equations are added to implement the delta winding and load on the tertiary winding:

Ita + Itiga = Itc = 0 [7-140]

Itp + Itiap — Ita = 0 [7-141]

Iyc + Itigc — Ity = 0 [7-142]

ltiga * ltiap + ltiac + lefaue = 0 [7-143]
Ving + Rgratleaue = 0 [7-144]

Vita + Veer +Veee = 0 [7-145]
—ltiaaRerp + Vita + ItiapRep = 0 [7-146]
—ItiapRerp + Vit + ltiacRerp = 0 [7-147]
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1 tfault T

Figure 22: Three-phase transformer with two secondary windings — with resistive loads

With balanced voltages on the primary windings, The solution to this set of equations is given by:

Vsb

Vs

2
(R¢tRs*+3Ry pRs+RetRLp+3RLpRe1p)(Va—VBINy
Rpn2(Rg+Ryp)+Rp(Ret+3RerpINs?+(Rs(Ree+3Re1p) +RLpRet+3RLDReLp)Np?

2
_ (Rt¢Rs+3Re pRstRtRLp+3RLpReLp) VB—V Ny

Rpn2(Rg+Ryp)+Rp(Ret+3RerpINs?+(Rs(Ret+3Rep) +RLpRet +3RLDReLp)Np?

2
(RetRs+3ReLpRs+Ri¢tRLp+3RLpReLD) V=V )Ny
Rpn?(Rs+Ryp)+Rp(Ret+3RepINs?+(Rs(Ret+3ReLp) +RLp Ryt +3RLp ReLp)p?

((RLp+RINe?+(Ree+3Rep)n? ) (Va=Vp)
Rpn2(Rg+Ryp)+Rp(Ree+3Rep)Ns?+(Rs(Ree+3Re1p) +RLpRet +3RLpReLp)Np?

_ ((RLD+Rs)nt2+(Rtt+3RtLD)nsz)(VB—Vc)
Rpn?(Rs+Ryp)+Rp(Ret+3RepIns®+(Rs(Ret+3Ry1p) +RLpRet +3RLpRe1p)Np?

((RLD +Rs)ne? +(Rtt+3RtLD)nsz)(VC_VA)
Ryn?(Rs+RLp)+Rp(Ree+3Ry p)Ns?+(Rs(Ree+3Re1p) +RLpRet+3RLpRerp)Np?

(R¢tRs+3ReLpRs+RetRip+3RLpReLp) VA=V B)Npns
Rpnt2(Rsg+Ryp)+Rp(Ret+3Rep)Ns?+(Rs(Ree+3Re1p) +RLpRet+3RLpReLp)Np?

(RetRs+3ReLpRs+RetRLp+3RLpReLD) VB—VInpns

Rpn?(Rs+Ryp)+Rp(Ret+3RepINs®+(Rs(Ret+3Ry1p) +RLpRet +3RLpRe1p)Np?

_ (R¢tRs+3RiLpRs+RetRLp+3RLpReLD) V=V A)Npns
Rpn?(Rs+RLp)+Rp(Ree+3Ry p)Ns?+(Rs(Ree+3Ry1p) +RLpRet+3RLpRerp)Np?
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Visc =

Via =

Vip =

Vie =

Vita =

Vt tb

Vite =

ltida

Itldb

(Ret+3Rerp)(Va—VpIngng

Rpn2(Rg+Ryp)+Rp(Ret+3RerpINs?+(Rs(Ret+3Rep) +RLp Ryt +3RLpReLp)Np?

(Ret+3ReLp)(VB—V)npns

Rpn?(Rs+RLp)+Rp(Ret+3Ry p)Ns?+(Rs(Ree+3Re1p) +RLpRet+3RLpRerp)Np?

_ (Ret+3Rerp)(Ve—V a)npns
Rpn?(Rs+RLp)+Rp(Ret+3Re p)Ns?+(Rs(Ree+3Re1p) +RLpRet+3RLpReLp)Np?

F,=0
Vipa =Va—Vp
Vipp = Vg — V¢
thc =Ve—V,

Rrp(Ree+3Rep) (Va—Vp)npns

Rpn2(Rg+Ryp)+Rp(Ret+3RerpINs?+(Rs(Ree+3Re1p) +RLpRet+3RLDReLp)Np?

Rrp(Ret+3Rep) Vp—VInpns

Rpn?(Rs+Ryp)+Rp(Ret+3RepINs? +(Rs(Ret+3ReLp) +RLp Ryt +3RLpReLp)Np?

Rrp (Rt +3Re1p) V-V g )npng
Rpnt?(Rs+Ryp)+Rp(Ree+3Ry p)Ns?+(Rs(Ret+3Ry1p) +RLp Ryt +3RLpRe1p)Np?

(RetRLD+3RLDRtLp+RttRs+3RsRe1p) Va—Vp)Npn
Rpn2(Rg+Ryp)+Rp (Ret+3RerpINs?+(Rs(Ret+3Rep) +RLpRet +3RLpReLp)Np?

(RetRLD+3RLpRe1p+RetRs+3RsReLp) VB—VInypne
Rpn2(Rs+Ryp)+Rp(Ree+3Rep)Ns?+(Rs(Ree+3Rep)+RLpRet+3RLpReLp)Np?

(RetRLD+3RLpRtLp+RetRs+3RsRe1p) V=V A)npny
Rpn?(Rs+Ryp)+Rp(Ret+3Ry p)Ns?+(Rs(Ret+3Ry1p) +RLp Ryt +3RLpRe1p)Np?

(RLp+Rs)(V4—-Vp)nyn,

Rpn2(Rg+Ryp)+Rp(Ret+3RerpINs?+(Rs(Ret+3Rep) +RLpRet +3RLDReLp)Np?

(RLp+Rs)(Vp=Vinpn,

Rpn2(Rs+Ryp)+Rp(Ree+3Rep)Ns?+(Rs(Ree+3Re1p)+RLpRet+3RLpReLp)Np?

(RLp+Rs)(Vc—V)nyng

Rpn?(Rs+Ryp)+Rp(Ret+3Ry p)Ns®+(Rs(Ret+3Ry1p) +RLpRet +3RLpRe1p)Np?

3Rt1p(RLp+Rs)(V4—VpInpn,
Rpn?(Rs+Ryp)+Rp(Ret+3Ry pIns®+(Rs(Ret+3Ry1p) +RLpRet +3RLpRe1p)Np?

3RtLp(RLp+Rs)(Vp—VInpng
Rpn2(Rs+Ryp)+Rp (Ret+3RerpINs?+(Rs(Ret+3Rerp) +RLp Ryt +3RLp ReLp)p 2

3Rep(RLp+Rs)(Ve—V g)npne
Rpn2(Rg+Ryp)+Rp(Ree+3Rep)Ns?+(Rs(Ret+3Re1p) +RLpRet +3RLpReLp)Np?

_ 3(RLp*+Rs)Vanpng
Rpn?(Rs+RLp)+Rp(Ree+3Ry p)Ns?+(Rs(Ree+3Re1p) +RLpRet+3RLpReLp)Np?

_ 3(RLp+Rs)Vpnyne
Rpn2(Rg+Ryp)+Rp(Ree+3Rep)Ns?+(Rs(Ree+3Re1p) +RLpRet +3RLpRe1p)Np?
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3(RLp+Rs)Vcenpne

luac = Rpn2(Rs+Ryp)+Rp(Ret+3RerpINs?+(Rs(Ret+3Rep) +RLp Ryt +3RLp ReLp)Np? [7-451]
If we assume R,, Ry, and R, are negligible, then the results can be simplified
Voa =Va—Vp [7-1g]
Vob =V — V¢ [7-2g]
Voc =Ve—Va [7-3¢g]
_ (Repne+3Rapns® o,
Ipa - ( 3RLDpRtLDMp? )(VA VB) -3¢l
— (Repne®+3Repns® _
Ipb - ( 3R.pReLDNp? )(VB Ve) -3¢l
_ (Reone®+3Repns® _
Ipc B ( 3RLDpRtLDMp? >(VC VA)
[7-6g]
Ve = (22) (V= Vi) [7-7¢]
14
Vo = (2) 5 = V) [7-¢]
Ve = (2) e =) [7-9]
1 Ng _ _
o == () (&) 4 = Vi) [7-10g)
1 ng _ )
o == () (&) s - Vo) [7-11g]
1 ng _ i
e == (75) (&) e - v [7-12¢]
Viea = () 7 - ) [7-26¢]
Vi = (%) s = V) [7-27¢]
Vise = (&) (Ve = V) [7-28¢]
Via = () =V [7-31g]
Voo = () s = v [7-32¢)
Vie = (2) ve - v [7-33¢]
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o = = (72) () 04 = V) [7-34g]
oy == () (&) 0 = V0 [7-35¢]
e = = (5) (&) e = v [7-36¢)

(V4 —Vp) [7-40¢g]

)
Ve = () s = Vo) [7-41¢]
()

Veee = () (Ve = V) [7-42¢]
—(_1 ne -
o = () (&) Vi [7-43g]

1
Ty = (=) (2) v [7-44g]

)y [7-45¢]

Figure 23 depicts the same circuit as Figure 22 with the addition of a ground fault on phase A of the
secondary winding. Equations 7-126 and 7-130 are restored back to their original form:

Vsa
Isq + 2%+ Ispquie = 0 [7-126]
LD

Ving + Visa =0 [7-130]
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Figure 23: Three-phase transformer with two secondary windings — with resistive loads and ground fault

If we assume once again, that R, R,, and R, are negligible, then the results are:
Vpa = Wa—Vp)
Vpb = Ve —V¢)
Vpc = Ve —Va)

_ (RLpRgrasnt®+3RgrasReLpNs®+2RLpRe pNs?)(Va—Vig)
31;\’LDRgrdthLan2

Ipq

_ (RLpRgrasnt®+3RgrasReLpNs?) (Vg—V)—RrpRerpns?(Va—Vp)

L., =
pb 3RLp RgrdthLanz

_ (RLDRgrasnt®+3RgrasRerpns®)(Vc—Va)—RLpRerpns?(Va—Vp)
- 2

I
pc 3RLpRgrasRtLDNp

Via = (5) (V4 = Vi)

Vor = (2) 5~ V)

(:—S) Ve =Va)
(

o=~ (f)

Rgrds+RLD> (VA _ VB)

RLDRgrds
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Conclusions include:

a) A ground fault on the secondary winding does not impact the tertiary winding

p
Voo = () s = v
Vee = (2) e - v)
p
I _(ﬁ Va—Vg)
ta Tlp 3RtLD
J AT (VB—V¢)
tb nyp/) 3Rip
JA— Ve=Va)
tc np 3R¢LD

ns

Isfault = (a

)

(Va-VBp)

Rgrds

[7-11h]

[7-12h]

[7-31h]

[7-32h]

[7-33h]

[7-34h]

[7-35h]

[7-36h]

[7-29h]

[7-30h]

b) The primary currents are impacted by the ground fault — their magnitudes are not equal and their angles are not

separated by 120°
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8. GNU Free Documentation License

GNU Free Documentation License
Version 1.3, 3 November 2008

Copyright (C) 2000, 2001, 2002, 2007, 2008 Free Software Foundation, Inc.
<https://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies

of this license document, but changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other
functional and useful document "free" in the sense of freedom: to
assure everyone the effective freedom to copy and redistribute it,
with or without modifying it, either commercially or noncommercially.
Secondarily, this License preserves for the author and publisher a way
to get credit for their work, while not being considered responsible
for modifications made by others.

This License is a kind of "copyleft", which means that derivative
works of the document must themselves be free in the same sense. It
complements the GNU General Public License, which is a copyleft
license designed for free software.

We have designed this License in order to use it for manuals for free
software, because free software needs free documentation: a free
program should come with manuals providing the same freedoms that the
software does. But this License is not limited to software manuals;
it can be used for any textual work, regardless of subject matter or
whether it is published as a printed book. We recommend this License
principally for works whose purpose is instruction or reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that
contains a notice placed by the copyright holder saying it can be
distributed under the terms of this License. Such a notice grants a
world-wide, royalty-free license, unlimited in duration, to use that
work under the conditions stated herein. The "Document", below,
refers to any such manual or work. Any member of the public is a
licensee, and is addressed as "you". You accept the license if you
copy, modify or distribute the work in a way requiring permission
under copyright law.

A "Modified Version" of the Document means any work containing the
Document or a portion of it, either copied verbatim, or with
modifications and/or translated into another language.

A "Secondary Section" is a named appendix or a front-matter section of
the Document that deals exclusively with the relationship of the
publishers or authors of the Document to the Document's overall
subject (or to related matters) and contains nothing that could fall
directly within that overall subject. (Thus, if the Document is in
part a textbook of mathematics, a Secondary Section may not explain
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any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal,
commercial, philosophical, ethical or political position regarding
them.

The "Invariant Sections" are certain Secondary Sections whose titles
are designated, as being those of Invariant Sections, in the notice
that says that the Document is released under this License. If a
section does not fit the above definition of Secondary then it is not
allowed to be designated as Invariant. The Document may contain zero
Invariant Sections. If the Document does not identify any Invariant
Sections then there are none.

The "Cover Texts" are certain short passages of text that are listed,
as Front-Cover Texts or Back-Cover Texts, in the notice that says that
the Document is released under this License. A Front-Cover Text may
be at most 5 words, and a Back-Cover Text may be at most 25 words.

A "Transparent" copy of the Document means a machine-readable copy,
represented in a format whose specification is available to the
general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of
pixels) generic paint programs or (for drawings) some widely available
drawing editor, and that is suitable for input to text formatters or
for automatic translation to a variety of formats suitable for input
to text formatters. A copy made in an otherwise Transparent file
format whose markup, or absence of markup, has been arranged to thwart
or discourage subsequent modification by readers is not Transparent.
An image format is not Transparent if used for any substantial amount
of text. A copy that is not "Transparent" is called "Opaque".

Examples of suitable formats for Transparent copies include plain
ASCII without markup, Texinfo input format, LaTeX input format, SGML
or XML using a publicly available DTD, and standard-conforming simple
HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats
include proprietary formats that can be read and edited only by
proprietary word processors, SGML or XML for which the DTD and/or
processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word
processors for output purposes only.

The "Title Page" means, for a printed book, the title page itself,
plus such following pages as are needed to hold, legibly, the material
this License requires to appear in the title page. For works in
formats which do not have any title page as such, "Title Page" means
the text near the most prominent appearance of the work's title,
preceding the beginning of the body of the text.

The "publisher" means any person or entity that distributes copies of
the Document to the public.

A section "Entitled XYZ" means a named subunit of the Document whose
title either is precisely XYZ or contains XYZ in parentheses following

text that translates XYZ in another language. (Here XYZ stands for a
specific section name mentioned below, such as "Acknowledgements",
"Dedications", "Endorsements", or "History".) To "Preserve the Title"
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of such a section when you modify the Document means that it remains a
section "Entitled XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which
states that this License applies to the Document. These Warranty
Disclaimers are considered to be included by reference in this
License, but only as regards disclaiming warranties: any other
implication that these Warranty Disclaimers may have is void and has
no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either
commercially or noncommercially, provided that this License, the
copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no
other conditions whatsoever to those of this License. You may not use
technical measures to obstruct or control the reading or further
copying of the copies you make or distribute. However, you may accept
compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section 3.

You may also lend copies, under the same conditions stated above, and
you may publicly display copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have
printed covers) of the Document, numbering more than 100, and the
Document's license notice requires Cover Texts, you must enclose the
copies in covers that carry, clearly and legibly, all these Cover
Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on
the back cover. Both covers must also clearly and legibly identify
you as the publisher of these copies. The front cover must present
the full title with all words of the title equally prominent and
visible. You may add other material on the covers in addition.
Copying with changes limited to the covers, as long as they preserve
the title of the Document and satisfy these conditions, can be treated
as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit
legibly, you should put the first ones listed (as many as fit
reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering
more than 100, you must either include a machine-readable Transparent
copy along with each Opaque copy, or state in or with each Opaque copy
a computer-network location from which the general network-using
public has access to download using public-standard network protocols
a complete Transparent copy of the Document, free of added material.
If you use the latter option, you must take reasonably prudent steps,
when you begin distribution of Opaque copies in quantity, to ensure
that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an
Opaque copy (directly or through your agents or retailers) of that
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edition to the public.

It is requested, but not required, that you contact the authors of the
Document well before redistributing any large number of copies, to
give them a chance to provide you with an updated version of the
Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under
the conditions of sections 2 and 3 above, provided that you release
the Modified Version under precisely this License, with the Modified
Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy
of it. 1In addition, you must do these things in the Modified Version:

Use in the Title Page (and on the covers, if any) a title distinct
from that of the Document, and from those of previous versions
(which should, if there were any, be listed in the History section
of the Document). You may use the same title as a previous version
if the original publisher of that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities
responsible for authorship of the modifications in the Modified
Version, together with at least five of the principal authors of the
Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

C. State on the Title page the name of the publisher of the

Modified Version, as the publisher.

D. Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modifications

adjacent to the other copyright notices.

F. Include, immediately after the copyright notices, a license notice
giving the public permission to use the Modified Version under the
terms of this License, in the form shown in the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections
and required Cover Texts given in the Document's license notice.

H. Include an unaltered copy of this License.

Preserve the section Entitled "History", Preserve its Title, and add
to it an item stating at least the title, year, new authors, and
publisher of the Modified Version as given on the Title Page. If
there is no section Entitled "History" in the Document, create one
stating the title, year, authors, and publisher of the Document as
given on its Title Page, then add an item describing the Modified
Version as stated in the previous sentence.

J. Preserve the network location, if any, given in the Document for
public access to a Transparent copy of the Document, and likewise
the network locations given in the Document for previous versions
it was based on. These may be placed in the "History" section.
You may omit a network location for a work that was published at
least four years before the Document itself, or if the original
publisher of the version it refers to gives permission.

K. For any section Entitled "Acknowledgements" or "Dedications",
Preserve the Title of the section, and preserve in the section all
the substance and tone of each of the contributor acknowledgements
and/or dedications given therein.

L. Preserve all the Invariant Sections of the Document,
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unaltered in their text and in their titles. Section numbers

or the equivalent are not considered part of the section titles.

M. Delete any section Entitled "Endorsements". Such a section

may not be included in the Modified Version.

N. Do not retitle any existing section to be Entitled "Endorsements"
or to conflict in title with any Invariant Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or
appendices that qualify as Secondary Sections and contain no material
copied from the Document, you may at your option designate some or all
of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version's license notice.
These titles must be distinct from any other section titles.

You may add a section Entitled "Endorsements", provided it contains
nothing but endorsements of your Modified Version by various
parties—--for example, statements of peer review or that the text has
been approved by an organization as the authoritative definition of a
standard.

You may add a passage of up to five words as a Front-Cover Text, and a
passage of up to 25 words as a Back-Cover Text, to the end of the list
of Cover Texts in the Modified Version. Only one passage of
Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already
includes a cover text for the same cover, previously added by you or
by arrangement made by the same entity you are acting on behalf of,
you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author (s) and publisher(s) of the Document do not by this License
give permission to use their names for publicity for or to assert or
imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this
License, under the terms defined in section 4 above for modified
versions, provided that you include in the combination all of the
Invariant Sections of all of the original documents, unmodified, and
list them all as Invariant Sections of your combined work in its
license notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and
multiple identical Invariant Sections may be replaced with a single
copy. If there are multiple Invariant Sections with the same name but
different contents, make the title of each such section unique by
adding at the end of it, in parentheses, the name of the original
author or publisher of that section if known, or else a unique number.
Make the same adjustment to the section titles in the list of
Invariant Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled "History"

in the wvarious original documents, forming one section Entitled
"History"; likewise combine any sections Entitled "Acknowledgements",
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and any sections Entitled "Dedications". You must delete all sections
Entitled "Endorsements".

COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other
documents released under this License, and replace the individual
copies of this License in the various documents with a single copy
that is included in the collection, provided that you follow the rules
of this License for verbatim copying of each of the documents in all
other respects.

You may extract a single document from such a collection, and
distribute it individually under this License, provided you insert a
copy of this License into the extracted document, and follow this
License in all other respects regarding verbatim copying of that
document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate
and independent documents or works, in or on a volume of a storage or
distribution medium, is called an "aggregate" if the copyright
resulting from the compilation is not used to limit the legal rights
of the compilation's users beyond what the individual works permit.
When the Document is included in an aggregate, this License does not
apply to the other works in the aggregate which are not themselves
derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these
copies of the Document, then if the Document is less than one half of
the entire aggregate, the Document's Cover Texts may be placed on
covers that bracket the Document within the aggregate, or the
electronic equivalent of covers if the Document is in electronic form.
Otherwise they must appear on printed covers that bracket the whole
aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may
distribute translations of the Document under the terms of section 4.
Replacing Invariant Sections with translations requires special
permission from their copyright holders, but you may include
translations of some or all Invariant Sections in addition to the
original versions of these Invariant Sections. You may include a
translation of this License, and all the license notices in the
Document, and any Warranty Disclaimers, provided that you also include
the original English version of this License and the original versions
of those notices and disclaimers. 1In case of a disagreement between
the translation and the original version of this License or a notice
or disclaimer, the original version will prevail.

If a section in the Document is Entitled "Acknowledgements",
"Dedications", or "History", the requirement (section 4) to Preserve
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its Title (section 1) will typically require changing the actual
title.

TERMINATION

You may not copy, modify, sublicense, or distribute the Document
except as expressly provided under this License. Any attempt
otherwise to copy, modify, sublicense, or distribute it is wvoid, and
will automatically terminate your rights under this License.

However, if you cease all violation of this License, then your license
from a particular copyright holder is reinstated (a) provisionally,
unless and until the copyright holder explicitly and finally
terminates your license, and (b) permanently, if the copyright holder
fails to notify you of the violation by some reasonable means prior to
60 days after the cessation.

Moreover, your license from a particular copyright holder is
reinstated permanently if the copyright holder notifies you of the
violation by some reasonable means, this is the first time you have
received notice of violation of this License (for any work) from that
copyright holder, and you cure the violation prior to 30 days after
your receipt of the notice.

Termination of your rights under this section does not terminate the
licenses of parties who have received copies or rights from you under
this License. If your rights have been terminated and not permanently
reinstated, receipt of a copy of some or all of the same material does
not give you any rights to use it.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the

GNU Free Documentation License from time to time. Such new versions
will be similar in spirit to the present version, but may differ in
detail to address new problems or concerns. See

https://www.gnu.org/licenses/.

Each version of the License is given a distinguishing version number.
If the Document specifies that a particular numbered version of this
License "or any later version" applies to it, you have the option of
following the terms and conditions either of that specified version or
of any later version that has been published (not as a draft) by the

Free Software Foundation. If the Document does not specify a version
number of this License, you may choose any version ever published (not
as a draft) by the Free Software Foundation. If the Document

specifies that a proxy can decide which future versions of this
License can be used, that proxy's public statement of acceptance of a
version permanently authorizes you to choose that version for the
Document.

RELICENSING

"Massive Multiauthor Collaboration Site" (or "MMC Site") means any
World Wide Web server that publishes copyrightable works and also
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provides prominent facilities for anybody to edit those works. A

public wiki that anybody can edit is an example of such a server. A
"Massive Multiauthor Collaboration”™ (or "MMC") contained in the site
means any set of copyrightable works thus published on the MMC site.

"CC-BY-SA" means the Creative Commons Attribution-Share Alike 3.0
license published by Creative Commons Corporation, a not-for-profit
corporation with a principal place of business in San Francisco,
California, as well as future copyleft versions of that license
published by that same organization.

"Incorporate" means to publish or republish a Document, in whole or in
part, as part of another Document.

An MMC is "eligible for relicensing" if it is licensed under this
License, and if all works that were first published under this License
somewhere other than this MMC, and subsequently incorporated in whole or
in part into the MMC, (1) had no cover texts or invariant sections, and
(2) were thus incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site
under CC-BY-SA on the same site at any time before August 1, 2009,
provided the MMC is eligible for relicensing.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of
the License in the document and put the following copyright and
license notices just after the title page:

Copyright (c) YEAR YOUR NAME.

Permission is granted to copy, distribute and/or modify this document
under the terms of the GNU Free Documentation License, Version 1.3

or any later version published by the Free Software Foundation;

with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts.
A copy of the license is included in the section entitled "GNU

Free Documentation License".

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts,
replace the "with...Texts." line with this:

with the Invariant Sections being LIST THEIR TITLES, with the
Front-Cover Texts being LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other
combination of the three, merge those two alternatives to suit the
situation.

If your document contains nontrivial examples of program code, we
recommend releasing these examples in parallel under your choice of
free software license, such as the GNU General Public License,

to permit their use in free software.
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